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Chapter 1

Week 1

1.1 What is a time series?

In classical statistics, we normally consider X, ..., X,, € R?, a simple random sample.
In particular,

1) X,,...,X,, arei.i.d. (independent and identically distributed)

(2) X, ~ F, which is a common distribution characterized by .
Examples:

iid . . .
1. X, ~ N(u,0?), and we wish to estimate and perform inference on y and 2.

7.

K]
observe Y, and Z; in pairs, and we posit a model:

2. X, = [Yl} where Y, is a dependent variable, and Z, is an independent variable. Perhaps we happen to

Y, = /BTZz‘ +e&, & i’ig N(O,ag)

REMARK 1.1.1

The relationship between Y, and Z, doesn’t depend on i, it only depends upon the common
parameter (3, and it assumes that ¢, has fixed variance for each .

3. In such settings, one is typically interested in:
(a) Prediction: based on the data, how can we predict the behaviour of these variables in the future?

(b) Inference: how do we use the data to try to estimate and better understand the underlying
mechanism which generates the data? For example, a linear model or simple Gaussian model.

DEFINITION 1.1.2: Time series

We say X, ..., X is an (observed) time series of length T'if X, denotes an observation obtained at
time ¢. In particular, the observations are ordered in time.

DEFINITION 1.1.3: Real-valued time series

If X, € R, wesay X,,..., Xpis a real-valued (scalar) time series.
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DEFINITION 1.1.4: Multivariate time series

If X, € R?, we say X, ..., Xy is a multivariate (vector-valued) time series.
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Figure 1.1: Quarterly Johnson and Johnson Earnings

# Figure 1.1
plot(jj, type = "o", ylab = "Quarterly Earnings per Share")

Observe that in Figure 1.1:
* The earnings are steadily increasing over time.
* There is heterogeneity in the variance over time.

With time series data, we are typically concerned with the same goals as in classical statistics (prediction and
inference). However, in contrast with time series, the data often exhibit:

(1) Heterogeneity
* Time trends — E[X,] # E[X,,].
* Heteroskedasticity — V(X,) # V(X, ).

In classical statistics, it’s assumed that all the observations have the same distribution which is clearly
not the case in time series.

(2) Serial Dependence (Serial Correlation)
* Observations that are temporally close appear to depend on each other.

In classical statistics, each successive observation is assumed to be independent which is clearly not the
case in time series.

# Figure 1.2
plot(gtemp, type = "o", ylab = "Global Temperature Deviations")

Observe that in Figure 1.2:
* The global temperature is steadily increasing over time.
* Heterogeneity exists within the mean over time.

* Heterogeneity exists within the variance over time, although it is not very apparent.
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Figure 1.2: z, is the deviation of global mean yearly temperature from the mean computed from 1951 to 1980

* Serial dependence occurs.
Let’s formally define a time series.

DEFINITION 1.1.5: Time series, Observed stretch

We say {X,},cz is a time series if {X, : ¢ € Z} is a stochastic process indexed by Z. In other words,
there is a common probability space ({2, F,P) such that X, : {2 — R is a random variable for all ¢.

In relation to the original definition, we say X, ..., X is an observed stretch (realization, simple
path) of length T from {X,}, ;.

Formally speaking, we think of a time series as being a little snippet of one long sample path the stochastic
process for which would characterize all the serial dependence, time trends, and heteroskedasticity that exist
within a time series as can be seen in 1.3.

Xt
Observed Time Series
° °
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} } } } } } } time
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Entire Time Series

Figure 1.3: Time Series
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1.2 Basic Principles of Forecasting

Consider a time series of length 7, namely X, ..., X;. Based on X/, ..., X, we would like to produce a “best
guess” for X ,:

XT+h = XT+h,|T = fh(XTa 7X1)
DEFINITION 1.2.1: Forecast, Horizon

For h > 1, our “best guess” A
XT+h = fh(XT’ >X1>

is called a forecast of X, at horizon h.

Goals of Forecasting
Goal 1

* Choose f,, “optimally.” Normally, we or the practitioner have some measure, say L(-,-), in mind
for determining how “close” X, is to the true value, X, ,. We then wish to choose f; so that
L(Xpyp, fu(Xp, ..., X)) is minimized, where L(-,-) is a loss function.

EXAMPLE 1.2.2

The most common measure of L(-,-) is the mean-squared error (MSE), defined by

L(X,Y) =E[(X - Y)?]

Goal 2
* Quantify the uncertainty in the forecast. This entails providing some description of how close we expect
Xrp,,tobeto Xy .

EXAMPLE 1.2.3: Why is it important to quantify uncertainty?

Suppose every minute, we flip a coin and denote

— (Heads): H — 1

— (Tails): T — —1

- X, = outcome in minute ¢, where t =1, ..., T.
This produces a time series of length 7, which is a random sequence of (1)’s and (—1)’s. Note
E[X,] = 0 for all ¢. If we wish to forecast for h > 1, consider XT+h = f(Xp,..., X;), thus

L(XT+ha XT+h) = E[(XT+h - XTHL)Q]

E[X3.,5) + E[X3.,,] — 2B[X 1, Xr )
E[X?%,,] +E[X?,,] — 2E[Xp, ] E[X 7, ]
E[X2,,] +E[X2,,]

Note that we can write E[XT+hXT+h] =E[Xr,4] ]E[XT+h} since XT+h is a function of the data
Xr, ..., X;, and hence independent of X .

Furthermore, note that E[X?., | = V(X,) since E[X,,] = 0.

We can minimize this by taking X +n = 0. There’s nothing “wrong” with this forecast, but ideally
we would also be able to say that the sequence appears to be random, and that we don’t expect
this forecast to be close to the actual value.

Furthermore, for this basic reason, one can always argue that any forecast that’s not accompanied
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by some type of quantification of how close we expect the forecast to be, is at very least hard to
interpret; at worst, meaningless because it doesn’t describe the accuracy for which we expect the
forecast to perform.

How can we quantify the uncertainty in forecasting?
Ideal: The predictive distribution, that is,
Xrpn | Xpy oo, Xy
Excellent: Predictive intervals/sets, that is, for some « € (0,1) find an interval I, such that
IED(XT+h S IO( ‘ XT’ ceey Xl) =«
A common example is with o = 0.95. Often times, such intervals take the form

I, = (Xpip — 04 Xpyn +01)

Concluding Remarks
1. Estimating predictive distribution leads one towards estimating the joint distribution of
X Xy ooy X3

For example, the ARMA and ARIMA models.
2. It is important that we acknowledge that some things cannot be predicted!

“It’s tough to make predictions, especially about the future.”—Yogi Berra

1.3 Definitions of Stationary

Given a time series X1, ..., X, we are frequently interested in estimating the joint distribution of
XT+h’ XTa sy Xl

which is useful for forecasting and inference.

The joint distribution is a feature of the process {X,},.,

Xy ey Xp — { X hiez
infer

* X,,..., X Observed data.
* {X,}4ez: Stochastic process.

The worst case: X, ~ F,, where F, is a changing function of ¢. If so, it is hard to pool the data X, ..., X to
estimate F}. If serial dependence occurs; that is, if the distribution of (X,, X, ;) depends strongly on ¢, then
we have a similar problem in estimating e.g., Cov(X,, X, ).

DEFINITION 1.3.1: Strictly stationary

We say that a time series {X,},.; is strictly stationary (strongly stationary) if for each k£ > 1,
11,y R EZ,
(Xila aXik.) = (Xi1+ha 7Xik+h)

If we look at the k-dimensional joint distribution (X; ,...,X; ) of the series at points iy, ..., i, then

51
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strict stationary means this is shift-invariant. That is, shifting the window on which you view the data,
does not change its distribution. This implies that if F, = CDF of X,, then F, = F, ;, = F; that s, all
variables have a common distribution function.

DEFINITION 1.3.2: Mean function

For a time series { X, },.z, with E[X?] < oo for all ¢ € Z, we denote the mean function of the time series
as

Hy = E[Xt]
DEFINITION 1.3.3: Autocovariance function

The autocovariance function of the time series { X, },., is defined as

’V(t7 S) = E[(Xt - /’[’t)(Xs - :U/s)] = COV(Xt7Xs)

DEFINITION 1.3.4: Weakly stationary, Lag

We say that a time series {X, },.5 is weakly stationary if E[X,] = 1 which does not depend on ¢, and if
(¢, 5) = f(It — sl)
that is, (¢, s) is a function of |t — s|. In this case, we usually write
V(h) = Cov(Xy, Xy 1p)

where we call the input h the lag parameter.

Additional Terminology
* The property when E[X,] = ¢ which does not depend on ¢ is often called first order stationary.
* The property when (¢, s) = f(|t — s|) only depends on the lag |t — s is called second order stationary.
* For a second order stationary process,
v(h) = Cov(X,, Xy1p)
= Cov(X; 1, Xy pin) t— (t—h)
= Cov(X,, X, ;)
=7(=h)
Since v(h) = v(—h), we normally only record ~(h) for h > 1.
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1.4 White Noise and Stationary Examples

DEFINITION 1.4.1: Strong white noise

We say {X,},z is a strong white noise if E[X,] = 0 and the {X,},., are i.i.d.
DEFINITION 1.4.2: Weak white noise
We say {X,},z is a weak white noise if E[X,] = 0 and

o |t—s|=0

t,s) = Cov(X,, X,) =
v(t, s) (X, ) {0 t—s|>0

DEFINITION 1.4.3: Gaussian white noise

We say {X,},cz is a Gaussian white noise if X, = N(0,0%).

0 100 200 300 400 500

Time
Figure 1.4: Gaussian White Noise of Length 500

# Figure 1.4
plot.ts(rnorm(500), main = "Gaussian White Noise", ylab = "w")

Figure 1.4 is a Gaussian white noise series. White comes from spectral analysis, in which a white noise series
shares the same spectral properties as white light: all periodicities occur with equal strength.

EXAMPLE 1.4.4
Suppose {W, },z is a strong white noise, then E[W,] = 0; that is, the mean of W, doesn’t depend on ¢.

o |t—s/=0

t,5) = Cov(W,, W,) = E[W,W.] =

~(t, s) only depends on |t — s|. Therefore, {W,},., is weakly stationary. Furthermore, we claim that
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{W, },cz is strictly stationary. Let k > 1, iy, ..., 45, h € Z with i; < - < 4, then

PW;, <ty,..., W, <t) = HIP’(W,; <t;) independence

EXAMPLE 1.4.5

Suppose {W, },.z is a strong white noise. Define X, = W, + 6W,_, for 6 € R. Since {W, },.; is a strong
white noise, we have E[W,] = 0 for all ¢, hence we have E[X,]| = E[W,+0W,_,| = E[W,]+0E[W, ;] =0
which is first order stationary.

(14+6*0%, [t—s/=0
v(t,s) = Cov(X,, X,) = < 0o, lt—sl=1
0 [t—s| >0

We obtain these calculations as follows:
* |t—s|=0.

E[(W, 4+ 6W,_,)?] = E[W?] + 6> E[W?2 ] + 2E[0W,W,_;] = (1 + 6%)o},

since W, is independent of I¥,_,. The calculation is easy to verify.
e t=s+1(rs=t+1).

E[(Ws+1 + HWS)(WS + 9W571)} = G]E[Wsz} = 90‘2/1/

since W, is independent of W, and W,_;. The calculation is easy to verify.
* |t—s| > 1. W, + 60W,_, is independent of W, + 0W,_;.
We claim that {X, },.5 is also strictly stationary. Let k > 1, 4, ..., 43, h € Z with i; < --- < i}, then

P(X;, <ty,.,X; <t) =P(W, +0W, | <ty,...W;, +6W, , <t)
W,

7

=P Wi, €B

: S B)
L Wisn

W,
=P(X; n Sty Xy yn S g)

L 7
i,—1+h
= P :

where B is some subset of Ri*~*171 and hence is shift-invariant.

DEFINITION 1.4.6: Bernoulli shift

Suppose {¢, },cz is a strong white noise. If X, = g(¢,,¢,_4,...) for some function g : R*® — R, we say
that {X,},., is a Bernoulli shift.
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REMARK 1.4.7

We can also make a more general definition for a Bernoulli shift. Suppose {¢, },.z is a strong white noise.
If X, =g(....e,_1,€4,€441,-..) for some function g : R* — R, we say that {X, },. is a Bernoulli shift.

THEOREM 1.4.8

If {X,},cz is a Bernoulli shift, then {X,},cq is strictly stationary.

REMARK 1.4.9

Norbert Wiener conjectured that every stationary sequence is a Bernoulli shift, which is not true. The
truth is, almost every one is.

EXERCISE 1.4.10

Suppose {W, },.7 is a strong white noise. The two-sided random walk is defined as

t =il
X, = Z Wi + Z w;
i=0 i=t

Show that {X, },.y is first order stationary, but { X, },. is not second order stationary.
Solution. {X,},.; is first order stationary since

t —1
E[X,)=E [Z W+ > Wi]
=0 1=t
= ]E[WO + W1 + + Wt—l + Wt + Wt + Wt—l + + WO + W—l]
= E[W_,] + E2W,] + E2W,] + - + E[2W,_,]
=0+ 2(0) + -+ 2(0)
=0

since {W, },. is a strong white noise; that is, E[W,] = 0 for all .
{X, },cz is not second order stationary since if ¢ > 0 the second sum is simply Z;:lt W, = 0, and we have

E[(Xt — ) (X — :ut)] = ]E[X?]

-=[(3w)]

=E[WZ] + - + E[W?] since W; 1L W, fori # j

_ 42
= toyy,

which depends on ¢.

1.5 Weak versus Strong Stationary

Sadly, {X,},cy is strictly stationary does not imply {X, },. is weakly stationary.
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EXAMPLE 1.5.1

Suppose X, = Cauchy Random Variables; that is,

s 1

Then, E[X,] does not exist, and hence {X,},., cannot be weakly stationary. However, {X,},, is strictly
stationary in this case since {X,},. is a strong white noise.

THEOREM 1.5.2

If {X,},cq is strongly stationary and E[X3] < oo, then {X, },. is weakly stationary.

Proof of Theorem 1.5.2
Note that if { X}, is strictly stationary, then
(Xy) = (Xo)
so that E[X,] = E[X,] = p which does not depend on ¢, and also
V(X,) = V(Xy)
By the Cauchy-Schwarz inequality,
v(t,s) = Cov(X,, X,)

= E[(X, — ) (X; — p)]

< {Blx, - w21} el - )

= VVX)VV(X,)

=V(X,) <

If t < s, then
Cov(Xy, X,) = Cov(Xy, X, ) = f(Is —t])

since it is shift-invariant, and hence if we shift everything over by ¢,

(X, Xs) = (X, Xsp) = (X, X5y)

DEFINITION 1.5.3: Gaussian process

{X,};cz is said to be a Gaussian process (Gaussian time series) if for each k € Z. |, i; < i, < - <,
we have

(Xiys s X ) ~ MVN(p (g, ey )s Do (B15 - 5 85))
E[X;,]
My = : Yxk = COV<Xij’Xi,,,)1§j,r§k
E[X;,]

THEOREM 1.5.4

If {X,},cz is weakly stationary and is a Gaussian process, then {X,},cq is strictly stationary.
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Proof of Theorem 1.5.4

If {X, },c7 is weakly stationary, then E[X,]| = p for all ¢.

E[Xil] i ]E[Xi1+h]
E[X;,] H E[X, +n]
Also,
V(Xilv s ) Cov )1§j77ﬂ£k

(X;
= COV(X - )1gj,rgk
= Cov(X, X i, th—(i; +h))1§j,r§k
(X ij+h X +h)1<j, r<k
= V(X 4y s Xi4n)
Using the Gaussian assumption

(X X;,) =MVN(p, Xy ) = (Xi1+ha ,X¢k+h)

PRt 78

Hence {X, },. is strictly stationary in this case.

EXERCISE 1.5.5

Prove that if {X, },.; is not weakly stationary; that is, either E[X,] depends on ¢ or 7(t, s) does not
depend on the lag, and has a finite mean and variance, then {X, },., is not strictly stationary.

1.6 { Theoretical L2 Framework for Time Series
e X, = hlim X}, - In what sense does this limit exist?
—00 ’

e How “close” are two random variables X and Y?

¢ Is there a random variable that achieves
inf d(Y,S)
yeSs
DEFINITION 1.6.1: L? space

Consider a probability space (2,7 ,P). The space L? is the set of random variables X : 2 — R
measurable so that E[X?] < cc.

DEFINITION 1.6.2: L2-time series

We say that {X,},.; is and L?-time series if X, € L? for all ¢ € Z.

L? is a Hilbert space when equipped with inner product, X,Y € L2.
(X,Y) =E[XY]

(-, -) is an inner product since it is

(1) Linear: (aX +bY,Z) =a(X,Z) + b(Y, Z).

13
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(2) “Almost” Positive Definite: (X, X) = E[X?] =0 <= X = 0 almost surely; that is, P(X = 0) = 1.
(3) Symmetric: (X,Y) = (Y, X).

L? is complete with this inner product; that is, whenever X,, € L? so that E[(X,, — X,,,)?|] — 0 as n,m — oo,
then there exists X € L? so that X,, — X; that is, E[(X,, — X)?] — 0. This follows from the “famous”
Riesz-Fischer Theorem.

Useful Tools for Time Series

(1) Existence of Limits

{€; }+ez is a strong white noise. Since for n > m,

n 2 n
EKXt,n - Xt,m>2] =E {( Z %Q—j) ] = Z %2-0’? —0asn,m — oo

j=m+1 Jj=m+1
only if Z;’io %2. < o0, then there must exist a random variable X, (by the completeness of L?), so that

oo

Xy = nILHgO Xin = ijgt—j

Jj=0

(2) Projection Theorem and Forecasting. Forecasting can be often cast as finding a random variable Y
among a collection of possible forecasts M (e.g., M = Span(X, ..., X;)) so that

Y = arginfE[(X 7., — Z2)?
zZem

When M is a closed linear subspace of L2, the Projection Theorem guarantees that such a Y exists, and
it must satisfy
(Xpn =Y, Z)=0 VYZeM

must be in the orthogonal complement.

1.7 Signal and Noise Models

“Ideally,” a time series that we are considering was generated from a stationary process. If so, we can pool
data to estimate the processes underlying structure (e.g., its marginal distribution, and serial dependence
structure).

Most time series are evidently not stationary.

Looking back at Figure 1.1:
* Mean appears to increase, so it is not first order stationary;
* Variability also appears to increase, so it is not second order stationary;
* Therefore, it is not strictly stationary.

Signal and Noise Model: X, = s, + ¢,

* s, is the deterministic “signal” or “trend” of the series.
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* ¢, is the “noise” added to the signal satisfying E[e,] = 0, hence E[X,] = E[s, + ;] = E[s,]. There exists a
(strong) white noise {W, },.; so that

g, = g(W,,W,_,,...) [Stationary Noise]
g = g,(W,,W,_4,...) [Non-stationary Noise]
The terms {W, },.z are often called the “innovations” or “shocks” driving the random behaviour of X,.
g is used to try to capture noise that can potentially have serial dependence.
EXAMPLE 1.7.1

An example of a function g so thate, = g,(W,, W,_,, ...) might be a random walk; that is, ¢, = Z;:o W;.
Another example could be the changing variance models; that is, ¢, = o(t)W,.

Our goal is to estimate s,, and then infer the structure of ,.

In Figure 1.2, the model appears to be non-stationary (trending upwards over time), so we might try the signal
and noise model. We might posit a linear trend, or even higher order functions.

For the temperature data, we may posit that
s, = By + p1t  [Linear Trend]

The trend may be estimated by ordinary least squares (OLS). We choose /3, and /3, to minimize

T

Z[Xt — By + 51’5)}2

t=1

This can be done in R using the 1m() command, and can easily be computed with calculus. Figure 1.5 is a
small example of the global temperature data superimposed with the 1m() estimate.

©
o

<
o

0.0 0.2

Global Temperature Deviations
-0.2

-0.4

I I I I I I I
1880 1900 1920 1940 1960 1980 2000

Time
Figure 1.5: OLS estimate of linear trend

# Figure 1.5

fit <- lm(gtemp ~ time(gtemp), na.action = NULL)

plot.ts(gtemp, type = "o", ylab = "Global Temperature Deviations")
abline(fit)

Let’s introduce some terminology about trends.



CHAPTER 1. WEEK 1 16

DEFINITION 1.7.2: Detrended time series

Detrending a time series constitutes computing the residuals based on an estimate for the signal/trend.
A detrended time series is a time series of such residuals.

1. Estimate s, — §,.

2. Detrend series: X, — §, = Y, where Y is the “detrended” series.

detrended

resid(fit)
01 02 03
|

-0.1 0.0

-0.2
|

-0.3
|

I T T T T T I
1880 1900 1920 1940 1960 1980 2000

Time
Figure 1.6: Residuals of OLS fit.

# Figure 1.6
plot(resid(fit), type = "o", main = "detrended")

In Figure 1.6: If trend is now zero, there appears to be a substantial serial dependence remaining in the time
series.

1.8 Time Series Differencing

Signal and Noise Model: X, = s, + ¢,. Hopefully, upon estimating s, with §,, we find X, — 5, = £, (detrended
series) which looks reasonably stationary. If the residuals were reasonably stationary, we might proceed in
estimating their underlying structure of {¢,},_; r as if it were stationary. In particular, we might try to
estimate their marginal distributions and/or their serial dependence structure. If we thought those estimates
were reasonably good, we would have a good idea of how the time series X, behaves.

Random Walk with Drift Model. Let ¢, be a strong white noise.

Xp=0+X, 1 +¢
=04+0+X; o +e,+e
=0+0+0+X, 3+e o+e 1 +e
: t times

=16+ Xy +3°

]:lgj

where we note that tJ + X, = s, is a linear signal, and Z;: | €; is arandom walk noise.
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Notice that under the Random Walk Model.
Xy =X, 1 =VX,=d+¢

So, if X, follows a random walk model, the series Y; = VX, should behave like a white noise shifted by 4.

first difference

0.3
©

0.1

diff(gtemp)
0.0

0.1

-0.2
|
G
c
G

-0.3
|

T T T I
1880 1900 1920 1940 1960 1980 2000

Time

Figure 1.7: First differenced series. Average of first differenced series is § ~ 0.0066

# Figure 1.7
plot(diff(gtemp), type = "o", main = "first difference")

In Figure 1.7: To see what this looks like in this temperature example, here is a plot of VX, = X, — X,
for Figure 1.2. As you can see if you look at this compared to the detrended series using linear trend, I would
say this series looks much more like a white noise (there does not appear to be any discernible patterns in this
first difference). If you calculate the mean of this first difference series, that would be an estimator for the
drift term in the random walk model which here is ~ 0.0066.

DEFINITION 1.8.1: Differenced time series

Differencing a time series constitutes computing the difference between successive terms.
A differenced time series is a time series of such differences. The first differenced series is denoted

VX, =X,— X,
and is the series of length 7' — 1, namely
X, — X, Xg—Xo, ooy, Xp— X
Higher order differences are calculated recursively, so
ViX, = VIivy,

where V¢ is the d™ order difference, and we define V°X, = X,.

Detrending and Differencing are both ways of reducing a (potentially non-stationary) time series to an
approximately stationary series.
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Differencing vs. Detrending
Pros:
* Differencing does not require the parameter estimation (don’t need to estimate s,).
* Higher order differencing can reduce even very “trendy” series to look more like noise.
Cons:
* Differencing can “wash away” features of the series, and introduce more complicated structures.
* The trend is often of interest, and good estimates of the trend lead to improved long-range forecasts.
EXAMPLE 1.8.2: Potentially Complicating Series with Differencing

X, = W, where W, is a strong white noise.

VX, =W, =W, ., =Y,

0%, h=0
h) =Cov(X,, X, ;,)=< "
Yx(h) (X, Xen) {O h>1
More complicated:
Doz, =
(k) = Cov(Y,,Y;,,) = { —o%, h=1
0 h>2

first difference Temp data

diff(gtemp)
-0.3 0.1
L1l

I T T T T T I
1880 1900 1920 1940 1960 1980 2000

Time

white noise

w
-3 0 2
[

I T T T T T I
0 20 40 60 80 100 120

Index
Figure 1.8: First Difference and White Noise

# Figure 1.8
par (mfrow = c(2, 1))
plot(diff(gtemp), main = "first difference Temp data")
plot(rnorm(gtemp) ,
type = "1",
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main "white noise",
ylab = "w")

In Figure 1.8: If these two series behave in the same way, then it stands to reason that

iid

g(etvgt—lv ) =& N<07 Jt2emp)

19



Chapter 2

Week 2

2.1 Autocorrelation and Empirical Autocorrelation

Usually through either detrending or differencing, we arrive at a series {X,},.; that we may consider as
stationary.

Given such a series, we wish to estimate a function g, so that
Xt = g(Wt7 Wt*l’ ...)

{W, },cz is a “innovation” sequence (strong white noise) which could admit serial dependence, etc.

In a first pass, it’s reasonable to assume that g is a linear function.
DEFINITION 2.1.1: Linear process

A time series {X, },.; is said to be a linear process if there exists a strong white noise {W, },.; and
coefficient {+,},.; where ¢, € R, so that

and

Note that the sum defining X, is well-defined as a limit in L2. Also, we must require that V(W, ,) < oo.

DEFINITION 2.1.2: Causal linear process

We say { X, },z is a causal linear process if
X, = Z YW,y
=0
Note that X, only depends on W’s in the “past.”

EXAMPLE 2.1.3

X, = W, is a linear process, so all ¢/’s are 0, except for ¢, = 1 which is a strong white noise sequence.

20
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REMARK 2.1.4

Linear processes are strictly stationary since they can be written as Bernoulli-shifts.

EXAMPLE 2.1.5

X, = W, + 0W,_, where {W, },. is a strong white noise with finite variance. X, is a linear process.

(14 62)o%, h =0 always non-zero
0 h>?2

~x(h) non-zero for h > 1 only where “lagged” terms in the linear process are non-zero. Suggests a way
of sleuthing out what

W, Wy, ) =D W,y
=0
must look like.

DEFINITION 2.1.6: Autocorrelation function

Suppose {X, },.5 is weakly stationary. The autocorrelation function (ACF) of {X,},_; is
px(h) = T2 (h > 0)

Note since v(0) = V(X,) = V(X,,) (since the process is stationary),

[y (R)] = [Cov(Xy, Xy )| < [ V(Xy) V(X)) = V(Xp)
cs Same # by stationarity

Hence, [p(h)| <1 = —1<p(h) <1.

Estimating ~(h) and p(h)
v(h) = Cov(Xy, Xy p) = E[(Xy — 1) (X, — 1)

where ; = E[X,]. Hence, a sensible estimator is

which is the sample mean (time series average).

T—h

T—h
A0 = 23 (X = (X = )~ o 3 (X = X) (K = X)
1 t=1

Nl

t—

where (X, — X)(X,,, — X) is the averaging over centred terms h-time steps apart.

21
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EXAMPLE 2.1.7

X, = W, where {W,},.; is a strong white noise with V(W,) = ¢, < c0.

Vx(h) = {O%V =0

0 h>1
Therefore,
px(h) = {; o
Note that it’s always the case that o)
0
p(0) = W =1

Series rnorm(500)

1.0

0.8
|

ACF
0.4

0.2

0.0

Lag
Figure 2.1: ACF of white noise, sample length 130

# Figure 2.1
acf (rnorm(500))

In Figure 2.1: Let’s then have a look at what the empirical autocorrelation function looks like when we apply
it to a strong white noise sample. In this case, we are considering a strong Gaussian white noise with variance
1. This is what the sample ACF looks like. What we’re plotting here is on the z-axis we have the lags h, and
on the y-axis we have the magnitudes of the autocorrelation p(h). What we're seeing here is p(0) = 1 (by
definition). However, for lags other than zero, for the other autocorrelations plotted, we can see that they are
relatively small compared to p(0) = 1, which is the point of the blue lines (explained in the next lecture). The
basic interpretation of blue lines is that if an autocorrelation would go inside the blue lines then you could
imagine that it would be consistent with the series being a strong white noise, which is what we observe here.
There are small violations that can occur by sheer chance.
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2.2 Modes of Convergence of Random Variables

~(h) is an estimator of v(h) when the data is stationary, and we want to discuss the asymptotic properties of
this estimator.

Review/Introduce
(1) Stochastic Boundedness (convergence of random variables): O(p) and o(p)
(2) Convergence in Probability
(3) Convergence in Distribution

DEFINITION 2.2.1: Bounded in probability

Suppose {X,, },-, is a sequence of random variables. We say that X, is bounded in probability by Y,,
if for all € > 0, there exists real numbers M, N, so that for all n > N,

X
P( |2
7

n

> M) <e
Notation: X,, = 0,(Y,,), and in English, we say “X,, is on the order of Y, .”

DEFINITION 2.2.2: Converges in probability
We say X,, converges in probability to X if for all ¢ > 0,

lim P(|X, — X| >¢)=0

n—o0

. . X . s
If a,, is a sequence of scalars, we abbreviate — converges in probability to zero as
n

—

X, =o,(a,) = IP’(

n—oo
>5> ——0 (Ve>0)

a’l’L
Hence, X,, converges in probability to zero is denoted X,, = 0,(1). Likewise, we also write X, % Xto
denote X, converges in probability to X.

DEFINITION 2.2.3: Converges in distribution

We say that the sequence of scalar random variables X, with respective CDF’s F, () converges in
distribution to X with CDF F(z) if for all continuity points of y of F,

lim |F,(y) — F(y)| =0

n—oo

REMARK 2.2.4

When F(z) is the CDF of a continuous random variable (e.g., a normal CDF), then

lim |F, (y) — F(y)|=0 (Yy€R)

n—oo



CHAPTER 2. WEEK 2

THEOREM 2.2.5: Markov’s Inequality

IfE[Y?] < oo, then

Proof of Theorem 2.2.5

E[Y?] = E[Y’I{]Y| 2 m} + Y2I{]Y| < m}]

E[YV2I{|Y] 2 m}| +E[YI{|¥] < m}]
E[

\%

V2] 2 m}]

\Y

m?E[I{|Y| 2 m}]
m*P(|Y] > m)

REMARK 2.2.6: Generalization of Markov’s Inequality

IfE[Y*] < oo, then
E[|Y[*]

P(Y|2m) <=

EXAMPLE 2.2.7

Suppose X, is a strong white noise in L? (E[X?] < o), and let

_ 1 L
XT=TZXt
t=1

Therefore, for e > 0, by Markov’s Inequality we have

_ E[| X2 2/T T-oo
P(|Xo] > ¢) < [ T|]:O'/ T—

g2 g2

_ P
Hence, | X, — 0

since Y2 > m?

since 02 = E[X?]

0

24
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(2) Xp=0,(1/VT), as before

REMARK 2.2.8
Alternatively, we can show this using the CLT. By the CLT,
VTX 2 N (0,02)
Therefore, if F;;. ~ CDF of /TX 1 and & ~ CDF of V(0, 1) random variable we have

Fp(z) —qﬁ(i)

T—o0

—— 0 (Vxz€eR)

For € > 0, choose M such that

hSH
|
Al
~—
I
-
|
—
alg
~
IN
w1

For this M, choose T}, such that if T > T, then

Fp(—M) — qﬁ(—f)‘ <=

and
M &
— <=z
ron-o(2)
Then,
P(|VTX7| = M) = Fr(—M) + (1 — Fr(M))
=& —M> + [1-@(1\4)} + Fp(—M) —¢<—M> +¢<M
(o (o g (o
<€ 8,8,
—4 4 4 4
=c
REMARK 2.2.9
In general,

D .
—* — non-degenerate random variable = X, =0,(a,,)

25
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REMARK 2.2.10: Algebra of 0, and o(p) notation
1. If X, =0,(a,) and Y, = O0,(b,), then
X, +Y, =0,(max(a,,b,))
2. If X,, =0,(1) and Y,, = 0,,(1), then
X, +Y, = 0,(1)

3. If X,, =0,(1) and Y,, = 0,,(1), then
X, Y, = 0,(1)

EXAMPLE 2.2.11

Suppose W, is a strong white noise in L? with E[W}] < cc. Let X, = W, + §W,_, for § € R. Show that
D
(1) = boy

Solution.

b

=)
I

>

M-I

(W, +0W,_,)

W, + = Zth

I
H\H L |
-t

Il
—

by WLLN

I
S
S
— o
=
=

’ﬂ
,_.

(X XT)(Xt+1 - XT)

Y
=
=
S—
Il
T
U

Nl N2 Rl =

(X, X — X, Xp— Xp Xy + (Xp)?]
5. T-1 5. T-1
X X1 — TT ZXt - TT ZXt+1 +
= =1

X X+ R+ Ry + Ry

M

Lo (X

5al

Lo
&
|

o~
Il
—

. o . oyl T .
Notice that R; = 0,(1) for i = 1,2,3 since, for example, X = o,(1) and } . X; = 0,(1) so their
product is 0, (1); so we only need to focus on the first term.

= 1 =t

T XX = ?Z(Wt + 9Wt71)(Wt+1 + W)
t=1 t=1
=

:T 0W3+G1+G2+G3
t=1
Now,
1

’ﬂ

n=
,Z 25 OE[W?) = 003y
t=1



CHAPTER 2. WEEK 2 27

by strong law of large numbers. We now wish to calculate the variance of

By Markov’s Inequality: G; = o0,(1), and similarly, for G, and G;.

2.3 { M-dependent CLT

Suppose X, is a mean zero strictly stationary time series with E[X?] < co. We are frequently faced with the
problems:

(1) What is the approximate distribution of

1 & - D
TTZXt = VTX; = N(0,0%)
t=1

(2) If X, is a strong white noise, what the approximate distribution of

R 1 T—h
y(h) = T Z Xy Xyop +0,(1)

t=1 "ot iid
X, X, =Y, is strictly stationary.
* Only way to understand how {X,},.; behaves, we have to observe replicates of the process.

* If process is suitably “weakly dependent,” then we can observe replicates of the process by viewing in on
overlapping windows.

DEFINITION 2.3.1: m-dependent
We say a time series { X, },; is m-dependent for a positive integer m, if for all
by <ty <+ <ty <85 <8y << sq, €L

so thatt, .,, < s;, then

is independent of
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EXAMPLE 2.3.2

X, =W, +0W,_, for 6 € R where W, is a strong white noise is 2-dependent.

THEOREM 2.3.3: Generalization of the standard CLT to m-dependent

Suppose X, is a strictly stationary and m-dependent time series for m € Z_, with E[X,] = 0and E[X?] < oo,

then if
D
T—o0

1 & _
Sp= ﬁ;Xt = VTX; —= N(0,02)

where o

2= 3 (k) =~(0) +2§y<h>

h=—m

Note that o2, is just the variance of Sy and can be easily calculated.

DEFINITION 2.3.4: Triangular array

We say {X ;,1 < j <n;,1<i< oo} forms a triangular array of mean zero L* random variables, if

E[X; ;] = 0, E[X}?,] < oo, and for each i-fixed we have X ;,..., X; , are independent with n; <n,,,.

i,m,

Visually, row-wise random variables are independent:
Xipo Xy,
Xoa

2,n4

THEOREM 2.3.5: Linderberg-Feller CLT for Triangular Arrays

Let {X; ;,1 < j <mn,;,1<i < oo} be a triangular array of mean zero L? random variables. Define
n
o} = ZV(XW‘)
=1
and -
1L
S = o ZXM
i =1
If for e > 0,
1 i 1—>00
5> E[X2I{|X,] > e0}] =0
i j=1
then

s, 3 n(0,1)

Proof of Theorem 2.3.3

Bernstein Blocking Argument: we take a given time series of length 7.
Let a; = big block size and m = little block size. We assume a, — oo as T' — oo, but %F — 0. Then,

N = number of blocks = L r J
M + aT

B;={i:(j—(ap+m)+1<i<jap+ (j—)m}

28
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by ={i:jar+ (j—1)m+1<i<jlar+m)}

Since a is increasing up to infinity, for T'sufficiently large, a, > m, and so by m-dependence,

> X,

t€B,
is independent of
S X G#b
teB,
similarly for B;, B, — b, by.
1 X N N
ﬁZXt Z Z Z Z X, +Remainder = G, + G, + G4
=1 €B, 3:1 teb,
iid

We want to show the big blocks dominate.

S| ]l )]

due to strict stationarity.

Also,
l(ZX” S EX X )= (t—s)
t=1 s=1 t=1 s=1
Let h =t — s, set of possible values for h is hl, so
m—1
= Y (m—[h)y(h) < oo
h=1-m

noting that v(h) = y(—h), therefore for C' as a constant, we have

e
- N _ arp +m ap—0o0
V(Gy) = C = LI (0) 5 0
and hence G, = 0,(1).
Let’s deal with the big block terms. Notice

1 & ZteB X, N

29
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Note that since the process is m-dependent, v(h) = 0 if |h| > m. Continuing,

1 - m
T ; — |R])y(R) = hz (ap— [R])v(h)
Therefore,
N e T—o0 UC
T O =l = 3 2
Nl/aT h==m =m

Therefore, the variance of G, is bounded. We showed o%, = V(G;) ~ constant. So, we must show

ZE{}” {|Y;| > eon}| = NE[VZH{|Y] > eon}] 50
g=1 iid
Aside: For 6 > 0,
E[|Y P+ 2 E[[YPHI{]Y] > }]
> SE[|YPI|Y] > )]
E |Y‘2+5
E[[YPI{Y| > e}] < %
It may be shown that for C' > 0
246
ar\ ?
(7,247 < o F
So
N =
2 4r
NE{YI {]Y,| > gaN}} < (60N>50< T)
- C NGT T 6/ T— oo
o T () T
Therefore, by Theorem 2.3.3
D
ﬁ T—o00 N(O’ 1)
ON
and since .
o= Y ()
J=—m
we have

Since G = 0,(1) we have

ZX —>N(O, Z v(h ))

h=—m

30
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2.4 712+ ) Moment Calculation

We want to show

T
where
1 &
Y, = X
1 \/thzl t
ar = big block size — co as T' — oo
ar
— =0
T

X, are m-dependent random variables.

ar 2446

2 X

E[X,[**] <00 (6§ >0) < El
t=1

THEOREM 2.4.1: Rosenthal’s Inequality

If Xy, ..., X,, are independent random variables with E[| X;|>*] < oo for § > 0, then

n

D X

i=1

E

246 n
1 < cpn5/2 Z E[|X1|2+5]

=1

In particular; if X, ..., X,, areiid., then

2+6
246
j 1 <en’T B[ X2

Proof of Theorem 2.4.1

See Petrov, Limit theorems of Probability Theory, p.g. 59.

PROPOSITION 2.4.2

For arbitrary random variables X1, ..., X,,,
]E [
Since () = |x|*T9 is convex where a, ... ,a,, € R, by Jensen’s Inequality,

1 & 1 &
_ . < = |2+
T =gl

g=il

n

>,

=l

2446 n
1 < n(2+9)—1 ZE[|Xi|2+6]

=1

Proof of Proposition 2.4.2

249

Rearranging yields

n 2+9

n
< n(2+d)—1 Z|ai|2+6
i=1

Replace a; ~ X, take expectation.
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X, = E X,
t=1 J7=0 t=j (mod m+1)
1<t<ar

Variables in the second sum are separated by at least m-time steps, and hence i.i.d. Therefore,

ar (248 2+6
E l Sy X, 1 < (m+1)2H-1E >ox by Proposition 2.4.2
t=1 t=7 (mod m+1)
1<t<ar
ZTM
< (m 4 1)1 (ai1> E[|X,]?*] by Theorem 2.4.1
m

2445
_ 2
=Cay

where C is the same constant as in Section 2.3.

2.5 7 Linear Process CLT
EXAMPLE 2.5.1

m
X, = Z ¥,W,_, where {W, },.; is a strong white noise in L?.
=0

m
A general linear process X, = Z ¥,W,_, is not m-dependent.
=0

THEOREM 2.5.2: Basic Approximation Theorem (BAT)
Suppose X,, is a sequence of random variables so that there exists an array
{Ym,n Fm,n S ZZI}

so that: o
(1) For each fixedm, Y,, , —Y,, asn — oco.

@Y, g Y as m — oo for some random variable Y.

(3) Foralle > 0,
lim {lim sup P(|X,, —Y,,,, > 5|)] =0

=2 n—00

D
Then X,, — Yasn — oo.

REMARK 2.5.3

Y, is often an “m-dependent” approximation to X,

Proof of Theorem 2.5.2

Shumway and Stoffer using characteristic functions.

32
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THEOREM 2.5.4: Linear Process CLT

Suppose X, = Zzo Y, W,_, is a causal linear process with ZZOMM < oo with {W,},.; is a strong white
noise in L2. If

S, = — X
t \/’T; t
then
T—?oo &
525w (03 0)
l=—00

Proof of Theorem 2.5.4

X, is strictly (and weakly) stationary.

v(h) = E[X, X, ]

_E [ (2 WWM> (g ’(/}th+hj>:|

= Z Yo EIW,_ oWy ipj] Fubini’s Theorem
=0 j=0
= Z Veern iy
=0
Then,
o0 o0 (oo} oo o0
Z v(h) = Z Ziﬁﬂ/}uha%{/ SZW@\ Z Yyl < 00
h=—00 h=—o0l¢=0 £=0 h=—00

by the Triangle Inequality. So ZZ":_OO ~(h) is well-defined. Note that E[S;] = 0 since E[X,] = 0. Also,

1 &K & 1 Z=t T—1 1A
V(Sr) = 2D EXX] =7 > (T— |k = 3 (1—T>7(h)

t=1 s=1 h=1-T h=1—

Note that (1 ~ T ) < |y(h)| since {|y(h)|} is summable by Dominated Convergence Theorem (DCT).
Define

is an m-dependent approximation to Sy.

(1) By the m-dependent CLT,
St 2N (03 30 = 51,

h=—m
and 7’m<h’) = E[Xt,TILXt+h,TTL]'
(2) By DCT,
m—00
> (k) — ~(h)
h=—m h=—oc0
and hence
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€)]

IIE[(‘S’T,m - T 2

o (B

S h
< ( | ) Z %ol [$esnloty
h=T-T

{=m+1

1
T
T—

o0

_imoj |w|< > |wh|)aw—>o

h=—oc0

So condition (3) of the BAT is satisfied using Markov’s Inequality. Therefore,

T o)
_ \%FZXt 2 N(o, 3 7(h)>
t=1 h=—oc0
2.6 Asymptotic Properties of Empirical ACF

If X,,..., X is an observed time series in which we think was generated by a stationary process, then
v(h) = Cov(X,, X, ) does not depend on ¢. Recall that

Questions
(1) Are 4 and p consistent?

(2) What is the approximate distribution of (k) and p(h).

Consistency

By adding and subtracting y in the definition of 4(h), we may assume without loss of generality that E[X,] =
0.

Suppose {X, },.7 is strictly stationary, and

We first need to establish the consistency of

where X,’s are not i.i.d. so Law of Large numbers does not work. Instead, we would use the Ergodic Theorem,
but we will not cover it here. Therefore,

_ P
X =0
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Furthermore,
~ 1 >
’Y(h)ZTZ (Xppn —X)
t=1
1L 1 1 & h -
= %tﬂ Xipn— T; T; t+h+ (X)

where we note that the last three terms converge in probability to 0 by the Ergodic Theorem.
Also, note that E[X, X, ;] =~(h) and X, X, ., = ¢, (Wyop, Wyip_1s ).
Again, by the Ergodic Theorem,

1 T=h
*Z t+h_>7h)
t=1

ﬂ

(h)
(0)

Y

Therefore, 7(h) 5 ~(h) and p(h) = 5 p(h) under strict stationarity and E[X?] < oco.

>

Distribution of ¥(h)

Consider simple (but most important case) when { X, },. is a strong white noise with E[X}}] < co. The finite 4th
moment assumption is not really assumed here, but this will be explained why it’s classically assumed.

5(h) 50

Similarly,
1 I=h

= T Z XtXt+h +R
t=1
A(h)

>

Note that E[y(h)] = 0 for h > 1. Also,

1 T—-hT—h

is non-zero only when ¢ = s, so

T—

T—h
LS wxxz, = Lt
t=1

where E[X?] = 0%. Therefore,
T—o00 4

V(VTH(h)) — ok
THEOREM 2.6.1

If {X,},c7 is a strong white noise with E[X}] < oo, then
VT5(h) \/— Z X Xiin 5 N(0,0%)

Proof of Theorem 2.6.1
Using Martingale CLT which is derived from m-dependent CLT.
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COROLLARY 2.6.2
It follows that if

VT 5 N(0,0%)
and 7(0) 5 0% (SLLN), then by Slutsky’s Theorem,

ﬁ% = VT3(h) 3 N(0,1)

If {X, },c7 is a strong white noise,
( Zaj2 Ra)2 )
VT VT
is a (1 — «) prediction interval for p(h) for all h with T'large where &(z,/,) = 1 — «. Hence,
( 1.96 1.96)
VT VT
is an approximate 95% prediction interval for 5(h) assuming the data is generated by a strong white noise
process.

1.96
Now, we know that the blue boundaries are ;t—T in Figure 2.1. Also, we might be able to say that exists

mild serial correlation at lag 1 of the ACF for Figure 2.2 since there are lines that go outside the blue
boundaries.

Series diff(gtemp)

1.0

04 06 038

ACF

-0.2 0.0 0.2
|

Lag
Figure 2.2: ACF of first differenced temperature data

# Figure 2.2
plot (acf (diff (gtemp)))

2.7 Interpreting the Autocorrelation Function (Non-stationary)

We have an excellent understanding of how p(h) behaves when X, ..., X is a strong white noise.
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* Consistency:
) 50 (h>1)

e Distribution:
D

1
p(h) ~ N(O, ?) (T'is large)
What happens when we calculate the empirical ACF for a non-stationary time series?
EXAMPLE 2.7.1

X, = t+ W, where W, is a strong white noise. Note that X, has a linear trend, and hence not stationary.
First,

o1& 1[T(T+1)] - T+1
X == Sl S | — e
thl[t—s—Wt] i +W o W
Also,
R 1 &b T+1 T+1 -
7(h)_T;<t+Wt2W)<t+h+Wt+h2W>
1 =4 T+1 T+1
() (a4
1 &=k T+1 T+1
-2 (-5 (- T
T/2
=12t2+ﬁ (T—h)(T—h+1) (T+1)(T—h)
T4 T 2 2
~ O(T?) + O(T)

where R is the remainder with the white noise terms. Note that the dominant term; that is, the O(T?)
doesn’t depend on h.
It follows that in this case that

’?(h) T—oo
T2 —— C (Vh)

Hence
Ah) T? _ A(h) T?

P =30)72 = 12 50)
Moral: If X, has a trend that is not properly removed, p(h) is likely to be large.

1 (vn)

# Figure 2.3

acf (gtemp)

# Figure 2.4

plot(as.ts(cumsum(rnorm(100))), main = "autoregression, phi=1")
# Figure 2.5

acf (as.ts(cumsum(rnorm(100))))

* Looking back at Figure 1.2, we see that this time series has an upwards trend. Therefore, based on what
we just did, we expect that the ACF should be very large (close to 1) at each lag for this time series.
Clearly, Figure 2.3 is indicative of a strong trend or non-stationarity.

* In Figure 2.4, we are plotting
X, =X, 1+ W,

with X, =0and X, = Zz_: W which is non-stationary. Some people say it has a “stochastic trend.”
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ACF

as.ts(cumsum(rnorm(100)))

08 1.0

0.6

0.4

0.2

-0.2 0.0

Series gtemp

Lag
Figure 2.3: ACF of raw temperature data, sample length 130

autoregression, phi=1

0 20 40 60 80 100

Time
Figure 2.4: Realization of an AR(1) with ¢ = 1 starting from z, = 0

38
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Series as.ts(cumsum(rnorm(100)))

1.0

06 0.8

ACF
0.4
|

0.2

-0.2 0.0

Lag
Figure 2.5: ACF of an AR(1) with ¢ = 1 starting from z, = 0

* In Figure 2.5 there exists a similar pattern which is indicative of non-stationarity.

39



Chapter 3

Week 3

3.1 Moving Average Processes

Suppose X, is stationary. Identify serial dependence using ACF p(h). If the lines go out of the dotted blue
1.96

VT

boundaries, namely + , within the ACF plot of 5(h), then we suspect serial dependence.

Posit

X, =gW,W,_4,...) = ZWWt,E [Linear Process]
=0

Not feasible to estimate infinitely many parameters {¢'};° . Assume coefficients arise from a parsimonious
linear model for X,.

DEFINITION 3.1.1: Moving average process

Suppose {W,}.; is a strong white noise with V(W,) = 0%, < co. We say X, is a moving average
process of order ¢ or MA(g), if there exists ¢;, ..., 6, € Rwith 6, # 0 such that

q
X, =W, +0,W, ;1 +-+ qutfq = Z@Wt,g
=0
where 6, = 1. In other words, we’ve truncated the linear process representation at the level ¢.

DEFINITION 3.1.2: Backshift operator
The backshift operator, B, is defined by
BiX, =X,
B is assumed further to be linear in the sense that for a,b € R

(aB’ + bB*) X, = aBiX, + bB* X, = aX, ; + bX,

EXAMPLE 3.1.3

* First difference of X,:

VX, =(1-B)X,=X,—-BX,=X,— X,

40
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* Second difference of X:

V2X,=(1—-B)2X,=(1-2B+B)X, =X, —2X, , + X, ,

DEFINITION 3.1.4: Moving average operator
The moving average operator is defined by

0(B)=1+6,B+0,B°+ - +0,B!

DEFINITION 3.1.5: Moving average polynomial
The moving average polynomial is defined as
O(r) =1+6z+ -+ 0,27
If X, ~ MA(q), then
X, =W, +0,W, 4 +--+0,W,_,=0(B)W,

which is a succinct expression defining MA(q).

Properties of MA(q) Processes
(1) MA(0) process is a strong white noise.

(2) If X, ~ MA(q), then
q
E[X,] = E[Z egvm} —0 (6y=1)
/=0

V(X,) = EKZI; eewt_gﬂ _ ;:a,%agv

v(h) = Cov(X,, X, p)

q q
E[(;"eWt—e)(kZ%f)ka_k)] t—l=t+h—k = k=(+h

q—h
o3> 0,0, 1<h<g
=0

0 h>q

Recall that y(h) = v(—h), so we will only display the values for 4 > 0. Note that v(¢) cannot be zero
because 6 # 0. The cutting off of (k) after ¢ lags is the signature of the MA(¢q) model. Therefore,

SIr0,0,0,
YT T e

0 h>gq
REMARK 3.1.6

By choosing 6, ... , 0, appropriately, we can get any ACF we want p(h) where 1 < h < q.

(3) If X, ~ MA(q), then X, is g-dependent.
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In Figure 3.1, let’s look an example now of what a moving average process would actually look like if we were
to realize a moving average process. On the top of Figure 3.1, I've plotted a moving average process of order 0,
which is just a strong white noise. Then, as we progress down to panel 2 and panel 3 I've calculated moving
averages of orders 1 and 2 based on this strong white noise sequence. In the second panel, X, = W, + W,_,,
so this is a moving average process of order 1, in which 8, = 1. In the third panel, we have a moving average
process of order 2, in which X, = W, + W,_, + W,_,, which is a moving average process of order 2 where
0, = 0, = 1. One thing to observe when going from a moving average process of order 0 to 2 is that the time
series is getting “smoother.”

white noise
~ -
o 4
o 4
x
- _]
|
N _]
|
[ [ [ [ [ [ [
0 20 40 60 80 100 120
Time
MA(1) 6,=1
o 4
o 4
S _
— _]
|
™ _]
|
[ [ [ [ [ [ [
0 20 40 60 80 100 120
Time
MA(2) 8,=6,=1
> —
<5
|

0 20 40 60 80 100 120

Time
Figure 3.1: Realizations of MA processes with coefficients equal to 1

# Figure 3.1
par (mfrow = c(3, 1))

mal.sim <- arima.sim(list(order = c(0, 0, 0), ma = c()), n = 134)



CHAPTER 3. WEEK 3 43

plot(ma0.sim, ylab = "x", main = "white noise")

mal.sim <- arima.sim(list(order = c(0, 0, 1), ma = c(1)), n = 134)

plot(mal.sim, ylab = "v", main = (expression(MA(1) ~ ~ ~ theta[l] == 1)))
ma2.sim <-
arima.sim(list(order = c(0, 0, 2), ma = c(1, 1)), n = 134)
plot(ma2.sim, ylab = "y", main = (expression(paste(
MA(2), ~ ~ ~ thetal1], " =", theta[2], " =", 1
)

In Figure 3.2, the difference is apparent since going from MA(0) to MA(1) shows that MA(1) has significant
serial correlation at lag 1. Similarly, for MA(2) there is significant serial correlation at lag 2.

Series ma0.sim

1.0

ACF
0.6
1

-0.2

Lag

Series mal.sim

1.0

ACF
0.6
1

-0.2

Lag

Series ma2.sim

1.0

ACF
02 06
A1 |
1
1
0
1
1
|
|
I
1
|
|
1
1
|
'
|
1
|
|
|
1
1
|
|
1
1
|
|
|
1
-
|
|
L
1
|
|
|
1
1
1
'
1
1
|
|
|
1
1
|
1
1
1
F o
'
|
1
|
|
|
1
1
|
|
1
1
|
|
|
1
1
|

Lag
Figure 3.2: ACF plots of corresponding moving average series.
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# Figure 3.2
acf(mal.sim)
acf(mal.sim)
acf(ma2.sim)

3.2 Autoregressive Processes

DEFINITION 3.2.1: Autoregressive process

Suppose {W,},z is a strong white noise with V(W,) = 0%, < co. We say X, is an autoregressive
process of order 1, or AR(1), if there exists a constant ¢ such that

Xy =0¢X, 1+ W, (t€Z)
Using the backshift operator, this may also be expressed as

(1—¢B)X, =W,

Interpretation
Prediction: Form a linear model (regression) predicting X, as
X=X, 1+ W,
where X, is the dependent variable and X,_, is the covariant/independent variable.

Markov Property:
X, ‘ (Xt—hXt—mm) =X, ‘ X

Question: Does there exist a stationary process X, satisfying the following?
Xy =X 1+ W,
Let’s see.

Xy =0X, 1+ W,
= (X, o+ W, )+ W,
=¢*Xy o+ oW, + W,
: k times

= "X, 4+ Z;:; ¢th—j if |¢| > 1, the sum diverges

Suppose |¢| < 1, then
L2-sense 04 i (;SjW
k—o0 = =3
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. . . . [o'e) . . . .
which is a causal linear process. Moreover, if X, = ijo ¢*W,_;, then X, is strictly stationary, and

o0
X, = Z ¢th7j
j=0

o0

SW,_; + W,
J=1

=0 GIW, W, j—i—1
=1
= ¢Z ¢th—1—j + W,
=0
=X, + W,
Therefore, X, satisfies AR(1) equation.
THEOREM 3.2.2

If |¢| < 1, then there exists a strictly stationary and causal linear process X, such that

Xy =X, 1+ W,

What if |¢| > 1? If X, = ¢X,_, + W, for t € Z, then that implies

Xy =0 Xy — 07 Wy
=¢ (o1 Xy — ¢71Wt+1) - ¢71Wt+1
: k times

=" Xy — 25;11 ¢7th+j

Therefore,
k—1 00
X = Xt+k B Z Wt+j L2-sense 72 WtJrj
t — . 4 4
ok = @I k—o0 ‘= @I

since Z — < o0 This sequence is strictly stationary since it is a Bernoulli shift. However, what we have
j=1
derived is not desirable as this model is future dependent, normally we try to avoid this.

What if |¢| = 1? In this case we claim that there is no stationary process such that X, = ¢ X, ; + W,. Let’s
prove this. Suppose |¢| = 1. If X, = X, ; + W,, then

t t
X, = 2 W;+ X, (byiterating) = X, — X, = 2 W, [Random Walk]
J= 7=

(X Xo)|” < V(X,) V(Xg) = (V(Xg))?, s0 we get

Cov(X,, Xo)| < VV(X,) V(Xy) =/ (V(X))? = V(X

Therefore, —2Cov(X,, X)) < 2|Cov(X,, X,)| < 2V(X,). Finally,

Now,

V(X, — Xo) = V(X,) + V(X)) — 2Cov(X,, X)) <4V(X,)

where in the last inequality we used the fact that X, is stationary. Furthermore,

t
V(ZW]‘) = tGW L_)—og 00
j=1
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Properties of Causal AR(1) for |¢| < 1

(1) The span of dependence of X, is “infinite”

?Yt==§Z:¢‘W47z
=0

(2) ACF.
0o 2 =) 2
ag
WXQ:EKEJ#MZ>}:§:&%%:1j%
=0 =0
v(h) = Cov(X,, X, p)
(o) (i)
£=0 k=0
— i ¢Z¢€+ho.2
=0
— qsh ¢2€U2
2
_ b _w
= (17%)
where in the first sum we let t — ¢ =t + h — k and in the second sum welet k =/ + hfor{ =0,1,2,....
Hence,
v(h) h
h)=—== h >0
p(h) =TG5 = 9" (h20)

Note: this decays geometrically in the lag parameter.

# Figure 3.3
ar0.sim <- arima.sim(list(order = c(1, 0, 0), ar = c(0.5)), n = 134)
plot(ar0.sim, ylab = "x", main = (expression(AR(1) ~ ~ ~ phi[1] == 0.5)))

arl.sim <- arima.sim(list(order = c(1, 0, 0), ar = c(0.9)), n = 134)

plot(arl.sim, ylab = "y", main = (expression(AR(1) ~ ~ ~ phi[1] == 0.9)))

ar2.sim <-
arima.sim(list(order = c(1, 0, 0), ar = ¢(-0.9)), n = 134)
plot(ar2.sim, ylab = "z", main = (expression(AR(1) ~ ~ ~ phi[1] == -0.9)))

# Figure 3.4
acf(ar0.sim)
acf(arl.sim)
acf(ar2.sim)

DEFINITION 3.2.3: Autoregressive process, Autoregressive polynomial

We say X, follows an autoregressive process of order p, or AR(p), if there exists coefficients ¢, ..., ¢, €
R with ¢, # 0 such that
X=Xy 1+ +0,X, , + W,

We also define the autoregressive polynomial to be
p(z) =1 — ¢ya— - — a7
X, ~ AR(p) if $(B) X, = W,.
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AR(1) @ =05

0 20 40 60 80 100 120

Time

AR(1) @ =0.9

0 20 40 60 80 100 120

Time

AR(1) @ =-0.9

0 20 40 60 80 100 120

Time
Figure 3.3: Realizations of AR(1) processes
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Series ar0.sim
""" }|||1|
______________________ | I R L L
| | | |
0 10 15 20
Lag
Series arl.sim
------ R —
[ U U CUD vHy [vvsvmve I v oo
| | | |
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Lag
Series ar2.sim
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| | | |
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Lag

Figure 3.4: Corresponding ACF plots
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3.3 ARMA Processes

We've seen the moving average polynomial:

O(x) =1+6x+-+027 (0,#0)
and the autoregressive polynomial:

P(r) =1=¢1x—-— ¢z’ (¢, #0)

If W, ~ strong white noise
X, =0(B)W, (X, ~MA(qg))

o(B) Xy =W, (X, ~AR(p))
Why not combine the two?

DEFINITION 3.3.1: Autoregressive moving average

Given a strong white noise sequence W,, we say that X, is an autoregressive moving average process
of orders p and ¢, or ARMA(p, q), if X, is stationary and

$(2) =1=¢1z2——¢,2" (¢, #0)
0(z) =1+0z+--+0,27 (0,+0)

This implies that the model is

Xy =01 Xp g+ 0, Xy + W+ O W+ + 0, W,

Using ARMA models to model autocorrelation: ARMA combines the following two points.
* MA(q): ACF may be specified at lags 1, ..., ¢
* AR(p): ACF has geometric decay/oscillations
REMARK 3.3.2: Parameter redundancy
Consider X, = W, where X, ~ MA(0), then
0.5X, ; =05W, 4

Therefore,
X, — 05X, , =W, —05W, , = X, ~ARMA(1,1)

¢(z) =1—0.5z2 = zeroof ¢ is z, = 2
0(z) =1—0.52 = zeroof 0 is z; =2

Parameter redundancy manifests as shared zeros in ¢ and 6. We always assume the models are “reduced”
by factoring and diving away common zeros in ¢.

DEFINITION 3.3.3: Causal ARMA
We say an ARMA(p, q) is causal if there exists {X, },.; satisfying ¢(B)X, = 6(B)W, and

X, = Z Y W,_, = (B)W, [Causal Linear Process Solution]
=0

where 9(B) = 3° B and 3 ° [t < oo with 9, = 1.
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DEFINITION 3.3.4: Invertible ARMA
An ARMA(p, g) is invertible if there exists {X, },., satisfying ¢(B)X, = 6(B)W, and

W, = ZWXFL’ =n(B)X;
=0
_\oo ¢ o0 ; _
where m(B) = 37" m,B“and }_ " |m,| < co with 7y = 1.

REMARK 3.3.5

Causality + Invertibility — Information in {X,}, 7 is the same as Information in {W,},. where
{X,},<ris an observed time series.

THEOREM 3.3.6: Causality

By the fundamental theorem of algebra, the autoregressive polynomial ¢(z) has p roots, say zy, ..., 2, € C. If

p = min |z;| > 1, then there exists a stationary and causal X, to the ARMA equations: ¢(B)X; = 0(B)W,.

1<5<p

X = Z YWy,
£=0

The coefficients {1, }7°,, satisfy

ZW)A < o0
=0
in fact,
1
< —
|"/)€| = pg
which is the geometric decay. Also,
S 0(z)
Y(z) = Pt = =5 (2| <1
@) => v =505 (<

In essence,

6(B) >, .
X, =—=W,=)> ¢.B'W,
t ¢<B> t Jz:; J t
1 = ] 1 . .
Key: 5 = Z ¢;2° where |2| <1so p has a convergent power series representation for |z| < 1.
7=0

THEOREM 3.3.7: Invertibility
If 2y, ..., 2, are the zeros of 0(z) and f?»i? |z;] > 1, then X, is invertible,
S1sq

W, = Z T Xy g
£=0

Coefficients {m,}7°, satisfy
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Moral: When we look for coefficients ¢, ..., ¢,,, 0, ... ,#,, we want to do so in such a way that

¢(2),0(2) #0 (|| <1)

3.4 ARMA Process Examples and ACF

EXAMPLE 3.4.1
Consider the ARMA(2, 2) model

1 1 5 1
Xy = ZXt*l + gthz + W, — EWtfl + EWFQ
Questions:
* Is there a stationary and causal solution to X,?
* Is it invertible?
* Is there parameter redundancy?
AR polynomial:
1
d(z) =1— Vi =22
MA polynomial:
1
0z)=1——-z+ 622
Roots for ¢:
2 44 4(8
+v4+4(8) —14+3=-4,2
—2
Roots for 6: 2,3
1 1
= 9(:) = —5(+4)(z-2), () = (z=2(:—3)

Note that ¢(z) and 6(z) share common (z — 2) which indicates that the parameters are redundant.
Therefore, X, satisfies an ARMA(1, 1) with

8o = 5 +0), 0z)=5(-3)

Since the roots of ¢ and 6 are outside the unit circle in C, X, is stationary, causal, and invertible.

EXAMPLE 3.4.2
Suppose

Xy = _ithl + W, — %Wtfl
where X, ~ ARMA(1,1).

o(z) =1+ iz = Root is —4.

So X, is stationary and causal, and can be represented as a linear process:
o0
X = Z YWy
=0

We need to calculate the coefficients v,.
We know

~

B = et = 922 (4 < 1)
=0

) -

<
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= P(2)(2) = 0(2)
Note that both ¢(2)¢(z) and 6(z) are power series, therefore we can calculate v, by matching coefficients.

. qb(z)zl—l—iz
. 9(2):1—%2;

* P(2)6(2) = 0(2)

Let’s compute it.

ZO wo =
1, % 1 __7
2, Y1, N
-1
0. e _ AN
A Yy, o — w=0'g(7) €=y
Simplifying,
1 ji=0

We can automate ¢; in R with ARMAtoMA ().
library(astsa)
ARMAtoMA (ar=-1/4, ma=-1/3, 10)
If X, is a stationary and causal solution to the ARMA(p, ¢) model.

o0

(B = E[X, X, ] = E[(f; W) (kf; W) |

Note that
t—j=t+h—k —= k=h+75,7=0,1,2, .. E[Xffj] =
Therefore,

vx(h) = 012/1/ Z 1/’j¢j+h
=0

We can automate (k) in R with ARMAacf ().
For h > 1, we have

Yx(h) = Zﬂ)ﬂ/fﬁh
=0

= Yoty + Z Y
=1

J

oS3
= D
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Then,

Therefore, the ACF for h > 1 is given by

1 h=0

_ 91 hgl—h
px(h) = ax(h) _ 155(=D"4" I

7x(0) e 23

Let’s verify this in R.
round (ARMAacf(ar = -1 / 4, ma = -1 / 3, 5), 6)
h <- seq(1, 10, by = 1)
round((91 / 23) * (-1) " h * 2 ~ (-2 * h - 1), 6)
Output:
0 1 2 3 4 5
1.000000 -0.494565 0.123641 -0.030910 0.007728 -0.001932

-0.494565 0.123641 -0.030910 0.007728 -0.001932
As we can see, this is correct.

53



Chapter 4

Week 4

4.1 Stationary Process Forecasting

Suppose we observe a time series X, ..., X, that we believe has been generated by an underlying stationary
process. We would like to produce an h-step ahead forecast

Xpin = Xpopr = F(Xy, o, Xq)
forecasting X, ,,. Ideally, X - 5, would minimize the prediction error

L(Xpin, Xpon) = m}nL(XTHL, f(Xp ., X))

where L is a loss function.

Frequently, the loss function is taken to be the mean-squared error (MSE)
L(Xrins XTJrh) =E[(Xrpn — XT+h)2]
When using MSE, it is natural to consider
L? = {Random variables X : E[X?] < oo}
L? is a Hilbert space when equipped with the inner product
(X,Y) =E[XY]

Hilbert spaces are generalizations of Euclidean space (R?) in which the geometry and notation of projection
are preserved.
Proj(X —-Y)=(X,Y)Y

DEFINITION 4.1.1: Closed Linear Subspace

We say M C L? is a closed linear subspace, if
(i) Linearity: X,Y € M, o, € RthenaX +8Y e M
(i) Closed: If X,, — X (in the sense that E[(X,, — X)?] — 0), and X,, € M, then X € M.
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THEOREM 4.1.2: Projection Theoren
If M is a closed linear subspace in L? and z € L2, then there exists a unique X € M such that

E[(X - X)) = inf E[(X —Y)?]

Moreover, X satisfies the prediction equations/normal equations:

(X—X)eM! = E[(X-X)Y]=0 (VY €M)

In MSE forecasting, we want to choose XT 1, satisfying

E[(XT+h - XTJrh)Q] = Yig};[E[(XTJrh - Y)Q}

where M is a closed linear subspace based on the available data.

M My, ={z:2= f(Xyp,...,X;,), fis any Borel Measurable function}. In this case
Xrip = E[XT+h | X, .. 7X1]
Unfortunately M, is enormous and complicated!

(2) My =Span(1,Xp,....X;)={Y: Y =0qap+ ZL a; X, ag, ..., ap € R} which is the linear functions of
X, X0 X +n, is called the best linear predictor (BLP).

4.2 Best Linear Prediction
Suppose X, is a (weakly) stationary time series. Best linear prediction entails finding X +p, SO that

E[(XT-HL - XT+}L)2] = Yiel}lf[z E[(XT+h - Y)Q]

X, 1, is the best prediction among all linear functions of X, ..., X;.

DEFINITION 4.2.1: Projection

If X satisfies
>\21 s 2
E[(X — X)?] —YlgijIE[(X Y)?]

we say that X is the projection of X onto M, and we write X = Proj(X | M).

In particular, the BLP is R
Xpyp = Proj(Xp,p, | My)

Consider the case when h = 1. From the Projection Theorem, the BLP is of the form
R T T
Xp =dro+ Y brX;xéro+ Y o (X;—n)
=1 =0

where = E[X,]. X, 1 must satisfy the prediction equations,
E[(Xp, — Xp )Y =0 (VY € M,)

In particular,
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E[(Xp —Xp)X)] =0 (1<j<T,Y =X))
We have 7" + 1 equations. Since E[X; — ] =0,

0=E[Xp,; — XT—H] =p—9rp+0 = opg=p
Before proceeding, note that this implies
]E[(XT+1 - XTJrl)Xj] = E[(XTH — MK (XTH - M))(Xj - M)]

So we may assume without loss of generality that ;1 = 0, therefore E[X; X ;] = v(j — ). Therefore,

0=E[(Xp4; — XT+1)Xk] =y(T+1—k) Z¢T,JWJ— (1<k<T)

Therefore, we have linear system of equations for ¢y 5, ..., ¢7 7

T
Z ¢T,j’Y(j —k)=~v(T+1-k)

Y(T)
')’T( )ERT
(1)

Ip=[yj—k),1 <jk<T eRT
b1 = (7.1, - a¢T,T)T eR”

Let

this linear system may be expressed as
Irpr=~r = ¢r=1Ir'r
given that [ is invertible.

The BLP is of the form R
Xpo = ¢r Xy = (Ir'vy) X
where X = (Xp,..., X;)" €RT.
When is I';- non-singular?
THEOREM 4.2.2

Ifv(0) > 0, and v(h) — 0 as h — oo, then [ is non-singular.

Takeaway: Most stationary processes (those whose serial dependence decays over time) have non-singular
FT.

Note that R
X3 = I Xp X p In 'ty

Note that E[X,X7]] = I';. Therefore, E[X%.,,] = ~vJ. I '~7. Also, since

E(X71 Xq] = vr = EXpp Xpp] =007t r
It follows that the mean-squared prediction error is
PIZ‘FH = E[(XT+1 - XT+1)2]
= E[X},, — 2Xp Xy + X3
=5(0) =293 Lp yr + v Iptyr
=7(0) =yr L'y

The mean-squared prediction error has a simple, computable form depending on v(h) for 1 < h < T.
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4.3 Partial ACF

If X, ~ ARMA(p, q), then we might be able to identify p, ¢ by looking at the ACF.
X, ~ AR(p) = ACF has a geometric decay

X, ~MA(q) = ACF is non-zero at the first ¢ lags, then zero beyond

ACF of an ARMA(p, ¢) model can be calculated by calculating the linear process coefficients {¢'}7° . Automated
in R using ARMAacf ().

In Figure 4.1, it looks like geometric decay. Howevey, it is hard to tell the difference between the ARMA(1, 1)
process and the AR(p) process via the ACF. Therefore, we want to define the partial autocorrelation func-
tion.

# Figure 4.1 (Omitted the PACF)
ACF = ARMAacf(ar = c(.8), ma = 1, 24)[-1]

PACF = ARMAacf(ar = c(.8),
ma = 1,
24,
pacf = TRUE)
par(mfrow = c(1, 2))
plot (ACF,
type = "h",
xlab = "lag",

ylim = c(-.8, 1))
abline(h = 0)

plot (PACF,
type = "h",
xlab = "lag",

ylim = c(-.8, 1))
abline(h = 0)

1.0

0.5

HHMHH‘

ACF

0.0

lag

Figure 4.1: ARMA(1,1): X, =0.9X,_, + W, + 0.5W,_,
DEFINITION 4.3.1: Partial autocorrelation function
The partial autocorrelation function of a stationary process {X,},cz is
Gpp = Corr(X;yp — Proj( Xy p | Xppno1y o Xeg1)s Xi — Proj( Xy | Xoppo1, - Xi11))

Interpretation: Autocorrelation between X, and X, , after removing the linear dependence on the
intervening variables X, ;, ,,..., X, ;.
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REMARK 4.3.2
If X, ~ AR(p), then ¢;, ,, = 0for h > p + 1.

Proof of Remark 4.3.2
If X, ~ AR(p), then X, = Zgzl i Xiin—j+ Wipn-

h—1
Proj(Xy p | Xeyn1,--r Xe1) = ZBkXtJrhfk
k=1

and minimizes

h—1 2 p h—1 2
E [(Xt+h - Z ﬁkXHhk) 1 =E [(th + Z X iphj— Z BkXtHLk) 1
=1 = =1
P h—1 2
=ofy +E l(z biXtinj— Z ﬁkXtJrhk) ]
=i k=1

where the second term is minimized by setting 3; = ¢, for 1 < j < p and 3; = 0 for j > p. Note that
W, is independent of other terms. Hence,
Xpon —Proj( Xy p | Xepo1s ooy X)) = Wiy, (h2p+1)

Therefore,
¢h,h = COI'I'(WH_;“ Xt - Proj(Xt | Xt-‘rh—la aXt+1))

which is independent by causality. Therefore, ¢, , = 0.

REMARK 4.3.3
It can be shown that if X, ~ MA(q) (invertible), then
Gpp F 0

|fnpl =00") (0<r<1)

which is geometric decay:.

ACF PACF
MA(q) Cuts off after Geometric

lag q decay
AR(p) Geometric Cuts off after

decay lag p

Estimating the PACF

Using the BLP theory, R R
(ZS}LJL = (F}?l’;\/h)(hJ

where R
I, =[G —k),1<jk<h] RV

fAyh = H/(l% 7’3/(}7’)] ER!
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4.4 ARMA Forecasting

Suppose X, follows a stationary and invertible ARMA(p, ¢) model so that ¢(B)X, = 6(B)W,. Having observed
X, ..., X, we wish to predict X ,.

Xpip = Proj(Xpyy, [ My) = B[ Xy, | Xopy oo, X

by causality and invertibility X, ~ linear function of W,.

Furthermore, . B
XT+h ~ XT-‘rh = E[XT+h | XTa aX17X07 ]

which is geometric decay of the dependence on past values.

Since X, is casual and invertible,

oo

X = Z YW,y
£=0
W, = Z T Xy

where ¢, = m, = 1. Note that ¢’s and 7’s are computable by solving homogeneous linear difference
equations.

These representations imply,

Information in (X, X;_1, ...) = Information in (W, Wp_4,...)

So
Xrin = E[XT+h | X, X1, -] = ]E[XT+h | W, Wr_y, -]
Xpn = [Z VWi o | W Wr_y, ]
0
h—1 o
= [ VWerin o | Wr, 1 +E ZWWTHLJ W, 1
=0 t=h
= ZWWTM,Z since Y, Wy, p,_,=0for0<¢<h—1

12

Il
>

Also, using invertibility,

XT’ ...‘|

h—1 00
0=Xp,p+ Z T X7 iho+ Z T X7 h e
=1 {=h

=EWp | Xp, Xpy, ] =E lz T X7 he
£=0

by independence, and furthermore, with 7, = 1 we have

Therefore,
h—1

XT+h_ E WeXTHL 0 E Ty X ih—e
=1 0=h
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Truncated ARMA Prediction
R h—1 R T+h—1
Xppp =— Zﬂ-jXTJrhfj - Z T X7 i hj
j=1

Jj=h
Residuals:

Mean initialization:
e W,=0fort<0Oandt>T
. Xt:OfortSOandt2T+1.
e X, =X, for1 <t<T.
Estimator for o ;
52, = %Z W2
t=1

Mean Squared Prediction Error: Since XT h R Z;’ih VWiinj

h—1 2 h—1
Pl =E[(Xpip — Xrip)?] = E [(Z ijtj) ] = oty > U3
Jj=0 j=0

Estimated Mean Squared Prediction Error:

h—
DT 22 2
Prin =0ow ) _vj
J

[

Il
o

Construction of Prediction Intervals: Since X o R EX g | Xpy s

E [XT+h — XT+,L] =0 (Tower Property)

E|(Xpin — Xran)?] = PPy,
Hence ~
Xy — Xrin

pT
V Prin
is an approximately mean zero and unit variance random variable.

Suppose ¢, is the «a-critical value of this random variable, then

XT+h £ Cay2 P7T+h
is an approximate (1 — «) prediction interval for X;_,.
Choices for ¢, :
(1) z, (standard normal critical value).
Motivation: If W, is Gaussian, then X, = Zzo Y,W,_, is Gaussian.

(2) Empirical critical value of residuals (standardized)

W (1<t<T)
Ow

(3) t-distribution, Pareto, or skewed distribution fit to standardized residuals.
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Long Range Behaviour of ARMA Forecasts
Suppose Y, = s, + X, where X, ~ ARMA(p, q).
R R oo
Yrin =58psn + Xppp = Sppn + Z ViWrin
ji=h

j=
_ 1
—0 (geometrically)

Yy +, 18 converging fast to 5, ;. Therefore, when we are doing ARMA forecasting in a trend + noise framework,
we better get the trend correct for long range forecasts. Long range forecasts are only going to depend on
the trend, and very little on the noise because we know that ARMA processes have a geometric decay to their
dependent structure.

h—1 )
h—oo

T _ 2 2 2 2 _ _ 2

PT+1L—0W§:W—>‘7W§ Vi =vx(0) = oy

/=0 =0

In the long run, the MSE is the variance of X,.

4.5 ARMA Forecasting Example 1: Cardiovascular Mortality

[R Code] Cardiovascular Mortality

Slide 1

Let’s give ARMA forecasting a try on real data.

Slide 2
8 | o
A o
§ n o c%
s{ 2 & . 2 :
> o
E 8 4 ° % ng % (goo 20 o@O ; ®*
S — @@9 QDC) ® © o éboo
IR L ESNOF ok R
1% 8% Tk 5y 8 Yacd
] (e}
o | & A BT wak s
el ° o & 5 %ﬁ
E 1 o S 8 %D d%§> A (¢] S
| | | | | |
1970 1972 1974 1976 1978 1980
Time
Figure 4.2: Weekly cardiovascular mortality, LA County.
Slide 3

Let X, = cardiovascular mortality series. Our model is

Xy =85, +Y,


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/4.5 - Cardiovascular Mortality Forecasting.R
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where Y, ~ ARMA(p, q).

2 2 2T 2T
= 2 3 i J— - i i i
Xy = Po + Bit + Bot® + B3t° + 3, 51n<52t> + B cos<52t> + B sm<26t) + B cos(%t)

polynomial

seasonal

where the first four terms are the polynomial trends, the next two terms are the yearly cycle, and the last two
are the half-yearly cycle.

Decided on the trend using AIC, which will be discussed next week.

Slide 4

s, estimated using ordinary least squares.

o
™ —
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- —
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Slide 5
— o ]
o~ N
[
2 o _|
5
T
g °
¢ 9
|
| | | | | |
1970 1972 1974 1976 1978 1980
Time
Series residuals(reg2)
@
o
N i
o <
< o 7
I ————
o |[ooii] L O S L S L DU
| | | | | |
0.0 0.1 0.2 0.3 0.4 0.5
Lag
* Y, = X, — 3, “seems reasonably stationary.”
« Mild serial correlation in ¥, — Might be well modelled by MA(2) or ARMA(1, 1).
Slide 6
Normal Q—-Q Plot
[e]
8 ]
IS
@ o _|
> -
(04
g
E o
& %1
|
3

* Y, seems reasonably normal, suggests using

to construct prediction bounds.

Theoretical Quantiles

iZo¢/2

T
PT+h
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Slide 7
Series rec
[90]
@ 4
N
g
LL
(@)
<
L e I
T
’ ‘ [
o | || |
o

Lag

Considering the PACF: On the first two lags these are large which is indicative of an autoregressive 2 structure,
that is, AR(2) structure.

Slide 8

Model Y; as ARMA(2, 1).
Y, = 0.0885Y,_; + 0.3195Y,_, + W, + 0.1328W,_,

parameters estimated by MLE.
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Slide 9

Slide 10

ACF

20

10

-10

Series residuals(reg2)

@ _|
o
<
o
I S
o |l LI R I A [ S P
| | | |
0.0 0.1 0.2 0.3
Lag
Theoretical ARMA(2,1) ACF
@ _|
o
<
o
o ‘ ‘ | | 1 1
o
| | | |
5 10 15 20
Index

10-step Prediction of residuals

I I I I I I I
1979.3 1979.4 1979.5 1979.6 1979.7 1979.8 1979.9

Time
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Yronm h=1,...,10.

Yo pr+1.96\/ PL,

where 1.96 is the 97.5% critical value of N (0, 1).

Slide 11

90 100 110
| |

80

70

Index
Figure 4.3: 30 weeks of data with predicted trend

Slide 12

110
|

100
|
Q
9
o
6

70

Index
Figure 4.4: Forecasts with 95% prediction intervals

Fluctuations attribute to serial dependence. Red lines show that forecasts quickly converge to trend.

66



CHAPTER 4. WEEK 4

4.6 ARMA Forecasting Example 2: Johnson and Johnson

[R Code] Johnson and Johnson

X, Johnson and Johnson Earnings.
Xt = est"'Yt

where Y is stationary. In this case,
log(X;) = s, +Y,

where Y, ~ ARMA(p, q).

67


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/4.6 - Johnson and Johnson Forecasting.R

Chapter 5

Week 5

5.1 ARMA Parameter Estimation: AR Case

Suppose we observe a time series X, ..., X; ~ ARMA(p, q)
o(B)X, = 0(B)X,
6(2) = L= gyz— e — G 2P
0(z) =1+ 02+ +0,21
Our goal is to estimate
* ¢1,..., 0, (AR parameters)
*0,.. ,Gq (MA parameters)
* 0%, (white noise variance)

AR(1) case: X, = ¢X, ; + W, with E[W?] = 0%, The idea is to use OLS.

T
¢ =argmin ) (X, — ¢X, ;)?
[¢l<1 =2
This leads to (upon some calculations):
1 T ~
- X, X, 1
§- 1z o YE(); = 5(1) —— ¢
T Zt:2 Xt y —00
1 & -
&IQ/V “T7_1 Z(Xt — 60X, 4)?
t=2

where X, — X, , is estimated W, and %, is the sample variance of residuals.

AR(p) case: X, = ¢ X, | + -+ ¢, X, , + W,. OLS: ¢ = (¢y,...,0,)T € R

T
¢ = argplin Z (Xy =01 Xy — o — ¢pXt7p)2
(] t=p+1

¢ admits a stationary and causal solution.

Solve using calculus (take first order partial derivatives set equal to zero), leads to a system of p linear equations
of the form o
I, =2,

68
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where A
I =R @G—k),1<j,k<p) R

p
Fp = AM)....,3(p)"
The resulting OLS estimator takes the form
¢=1,'7,
ot =70) =% 1,3,
Similar approach: use method of moments (set parameters so that empirical moments match theoretical causal
moments induced by the model).

If X, ~AR(p), thenfor 1 < h < p.
v(h) = E[X, X, 1]
=E[Xy (01 Xpip1 + o+ 0 Xpinp + Wil
=¢1v(h—1) + ¢o7(h —2) + -+ ¢, y(h—p) + 0
where the 0 occurs since X, 1L W,_,.

This implies the linear system:
Y =1,

Yp = (v(1), ., 7(p))"T €RP
I,=[(—k),1<j.k<p eRP

p
Note that X, = 7 ° W, , where ¢y = land W, = X, — ¢, X, | — - — ¢, X,_, imply
UIQ/V =EX,W,] = E[X, (X, — 1 Xy g — - — ¢pXt7p)] =7(0) = pyy(1) — - — ¢p7(p)
which are Yule-Walker Equations.
Yo =1,®
Yule-Walker Estimators: L
¢ =1,"%,

EXAMPLE 5.1.1

In the AR(1) case, the YW estimators are

6= 25 =)
L RO
ow =70~ 3

THEOREM 5.1.2

If X, ~ AR(p) (causal), then
QSAOLS,i P 1
¢YW, i T— o0

OLS and YW estimates are asymptotically equivalent.
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THEOREM 5.1.3

VT( by — $) —— MVN(0, o3I, )

P
~9 2
Ow — Ow

* Optimal variance among all possible (asymptotically) unbiased estimators, hence efficient.
* Result can be used to obtain confidence intervals for ¢.

5.2 ARMA Parameter Estimation: MLE

Ordinary Least Squares and Yule-Walker equation estimators are effective in estimating the AR(p) parameters,
but are difficult to apply to fitting MA(q) and general ARMA(p, q) models since the white noises 1, are not
observable, and YW equations are not linear in the MA parameters.

Latent Variables (variables associated with W,) = MLE is best.

Suppose X, ~ AR(1) (causal)
Xy =X, 1+ W,

iid
where W, ~ N (0, 03,), then N
_ ¢
X, =Y ¢'W,
=0
is Gaussian. L2 limits of Gaussian random variables are Gaussian. (MGF or characteristic function).

Moreover, X, ..., X, are jointly Gaussian since

ay Xy + -+ apXp = Z ¢Z<I@1W1—é + -t arW, )

£=0 Gaussian

MLE:
'L’(d);o'%/v) = f(XTa XT—la 3X1; ¢70'{2/V)

where

* £(¢,0%,) is the likelihood of ¢ and 0%,

* f(Xp Xp 1y, X1;0,0%) is the joint density of X, ..., X, at the observed data. Gaussian Density.
Key idea in Time series: To evaluate the likelihood condition on the path/past!

f(XTa 7X1) = f(XT | XTfla ,Xl)f(XTfla 7X1>
: iterate

FXp | Xy oo, X F(X oy [ Xpogy s Xo) o f(X | X0) (X))

T
Hf(Xz | Xiflv ’Xl)

1

<

According to HW2:
X [(Xqy e, X)) ~ N(¢X¢—17‘712/V)

Note that X, | (X;_q,...,X;) =X, | X,_1, AR(1).
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Thus,

EC S S

207y

2 )_zlexp{—ZZﬂQ(Xl - ¢X7;—1)2

2
204,

}f(le(b?Ulz/V)

Maximizing £(¢, o%,) in this case leads to a similar estimator as OLS/YW.

General ARMA(p, q) case: Again, X, ..., X; are jointly Gaussian if W, ~ Gaussian.

T
L<|¢17 "'7¢p7915 79(170"2/[/‘) = Hf(Xz | Xi—l? aXl)l

OcRp+a+l i=1 Gaussian

Xi | (X, X)) ~ N(ELX; [ X, g, ..., X, ], MSE)
~ N(Xq(zem(e)a Piiq(e))
where P! ,(0) is forecast MSE predicting X, from X, ,,..., X;.

This likelihood can be maximized using numerical optimization. (Newton-Raphson Algorithm, Conjugate
Gradient).

THEOREM 5.2.1: Chapter 8 of Brockwell and Davis, Hannan (1980)

The MLE’s of ¢y, ..., &, 01, .., 0, o3, are \/T consistent and asymptotically Normal with asymptotic covari-

ance equal to the inverse of the information matrix. In this sense, they are asymptotically optimal.

REMARK 5.2.2: Takeaway Message

(1) MLE estimation reduces to OLS, YW equation estimation for AR(p) models.
(2) For general ARMA(p, q) estimation, MLE is through to be optimal in most situations. (Used as a
default/benchmark).

5.3 Model Selection Diagnostic Tests

Using MLE, we can fit an ARMA(p, q) model to an observed series X1, ..., X

Question: How do we select the orders p and q of the model?

Usual Methods

(1) Examine ACF and PACF.

(2) Model Diagnostics/Goodness-of-Fit tests: Examine the residuals of the ARMA(p, ¢) model to check for
the plausibility of the white noise assumption.

(3) Model Selection Methods: Information criteria, cross-validation.

Model Diagnostics
If the ARMA(p, ¢) model fits the data well, then the estimated residuals should behave like white noise.

X, — X
W #)(t—1)

t ~
/ Ptt_l
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where

. )N(Wfl) is the truncated predicator of X, based on X, 4, ..., X;, and
* P!*1is the estimated MSE.

This can be investigated by considering py;(h) which is the empirical ACF of Wy, o, W

As a measure of how “white” the residuals are, it is common to evaluate the cumulative significance of gy, (h)
for 1 < h < H by applying a “white noise test.” Suppose W, ..., Wy is a strong white noise, and py, (k) is the
empirical ACF of this series.

We know that for each fixed h,
VTpw(h) 2 N (0,1)
Also, for j + h,

Cov(V TRy (h), VTiy(5)) = TE ET: WtWHh] E li WSWSH}
s=1

Using Martingale, or m-dependent CLT’s, it can be shown that

(ﬁﬁwm ) .
: — MVN(0, I, )
VT (H)
Therefore,
1 D
T p(h) = x*(H)

h=1

Box-Ljung-Pierce Test [White Noise Test for ARMA(p, q) Models]

If X, ~ ARMA(p, q), and W, are the model residuals with empirical ACF py(h), then if

H
QT H)=T(T+2))

D
QT H) —— x*(H = (p+q))
That is, we lose p + ¢ degrees of freedom for fitting the model.

The BLP test p-value is then computed as

Porp =P(X*(H — (p+q)) > Q(T, H))

REMARK 5.3.1

If X, ~ ARMA(p, q), and Wt are calculated based on ARMA(p’, ¢’) model where p” < p or p’ < ¢g (model
is under specified), then

Q(T, H) ——

T—o0

Interpretation: If BLP p-values are small, the model is ill-fitting or under specified.
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5.4 Model Selection Information Criteria
Suppose we are trying to select the orders p and ¢ of an ARMA(p, ¢) model to fit X, ..., X
¢ = AR parameters
6 = MA parameters
0%, = white noise variance
L(Xy, o, Xps ,0,0%)
Natural idea: Maximize the likelihood of the data as a function of p and q.

Problem: The likelihood is (monotonically) increasing as a function of p and ¢q. Maximizing would lead to
overfitting.

Solution: Maximize the likelihood subject to a penalty term on the number of parameters (complexity) of the
model. Let the number of parameters in the ARMA(p, ¢) model be denoted by &k = p + ¢ + 1.

—210g(£(Xy, ..., X73 6,0,0%)) + P(T, k)
where P(T', k) is an increasing function of k.

Optimal p and ¢ balance model fit with the penalty for complexity.

Common Penalty Term Choices

~ A 2k+T
- AIC(p,q) = —210g(£(X,, .., Xpi $,0,0%)) + ; .
— Comes from estimating the Kullback-Leibler distance from the fitted model to the “true” model.
~ o klog(T
* BIC(p,q) = —2log(£(X;, ..., X1:6,0,0%)) + i( ).

— Comes from approximating and maximizing the posterior distribution of the model given the data.
Interpretation: Small AIC/BIC mean a better model.

Information criteria are also used in trend fitting. Suppose
Xy =s5+Y, = f(B)+Y,
where 8 € R* and f,() is the trend we fit.

Estimate 3 with 3 using ordinary least squares.

T

S(Res) Z (X, — ft

t=1
Information criteria typically calculated assuming Y, is a Gaussian white noise.
SS(Res)p+ P(T, k)
where for P(T, k) we use AIC or BIC penalty.
REMARK 5.4.1

(1) In trend fitting, the assumption of Gaussian white noise residuals is often in doubt.
(2) AIC/BIC are not perfect! They are but one of many tools useful in model selection.
Strengths:
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(i) Easy to compute.
(ii) Facilitates comparing many models quickly.
Weaknesses:
(i) Likelihood must be specified.
(ii) There is a degree of “arbitrariness” to the choice of penalty.
(3) It can be shown that minimizing the AIC is related to minimizing the 1-step forecast MSE, and so
when the application is forecasting, AIC is more common.

5.5 ARIMA Models

We have seen that many time series appear stationary after differencing.

DEFINITION 5.5.1: Integrated
We say a time series X, is integrated to order d if VX, is stationary, but V/ X, for 1 < j < d is not

stationary.

. A . . _ t .. _ t ..
Motivation: If Y, is stationary, and X, = Zj: . Y;, X, is integrated to order 1. Z, = Zj: | X is integrated to
order 2, and so on.

DEFINITION 5.5.2: ARIMA
We say X, follows an Autoregressive Integrated Moving Average Process (ARIMA) of orders p, d, g if
¢(B)(1— B)IX, = 0(B)W,

and write X, ~ ARIMA(p, d, q). Note that V¢X, follows an ARMA(p, q¢) model.

Forecasting ARIMA(p, d, q) Processes
(1) Y, = V4X, follows an ARMA(p, ) model and so can be forecast using truncated ARMA prediction.
(2) Forecasts Y, +nr can be used to forecast Xy, by reversing the differencing.
EXAMPLE 5.5.3
Ford=1,Y; , = Xy, — X 50 XT+1|T =X+ 37T+1\T~ This can be iterated to produce longer

Horizon forecasts.

Predicting MSE is approximately of the form

h—1
T . 2 2
Pryp, =~ oy E (U
7=0

where 1/)? . is the coefficient of 27 in the power series expansion (centred at zero) of

0(z)
s -z =Y
Idea:
X, ~ 6(B) W,
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EXAMPLE 5.5.4
Let X, ~ ARIMA(0,1,0).

t
X;— X =(1-B)X, =W, = X, =X, , +W, = X, :ZWJ’
j=1
if we iterate t-times. If Y, = VX, then Y, +njr = 0 (forecasting W,’s). Therefore,

XT+1\T =X, + ?T+1|T = Xrp

Similarly, X +nir = X7 The best predictor of random walk is last known location.
Prediction MSE:

1 o
0 —27 1—= =Z (2 < 1)

= Y. =1 (V))
h—1

T 2 2 1 9
= PT+h*UW§ :w‘,**how
Jj=0

Note that

E[(XTM\T* XT+h>2] =E [( Tif Wj) 2] = hojy

J=T+1

X,

. o iZ(rf\vyW

Note: Variance of Random
Walk increases over time!

If we forecast into the future, the forecast will be the last observed value. Also, if we plot prediction
intervals, they would be of the form +20% MSE where MSE which is on the order of v/h. In particular,
these are increasing as a function of h. Therefore, the variance of a Random Walk will increase over
time, and hence the prediction intervals will increase over time. This is a normal feature you see when
you do ARIMA forecasts, and this is the basic reason why.

How to decide in practice on degree of differencing d:
(1) Eye-ball Test.
(2) Formal Stationary Tests [Dickey-Fuller, Kwiatkowski—Phillips—Schmidt-Shin (KPSS)].

(3) Cross-validation.
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5.6 ARIMA Modelling Example

[R Code] ARIMA Modelling Example

76


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/5.6 - ARIMA Modelling Example.R

Chapter 6

Week 6

6.1 SARIMA Models

Frequently, time series exhibit “seasonality.”

Rough Definition of Seasonality

A time series X, is said to be “seasonal” if it exhibits regular variation so that for some lag s, X, is “similar” to
X,_,. Some sources of seasonality are weather or scheduled events. These typically lead to yearly, weekly,
monthly, or quarterly cycles.

REMARK 6.1.1

ARIMA models are not ideal for modelling seasonality.
ARIMA Models —> Random Walk with Stationary Errors

Random walks do not seasonality.

DEFINITION 6.1.2: Seasonal ARIMA

X, is said to follow a Seasonal ARIMA model (SARIMA) of orders p,d,q and P, D, @Q and seasonal

period s if
Dp(B*)d,(B)(1 — B*)P(1 = B)'Y, = 04 (B°)0,(B)W,

We abbreviate the SARIMA p, d, q, P, D, Q model with seasonal period s as SARIMA(p, d, q) x (P, D, Q).

(B) =1 — &B — - — &,BF
dp(B) = 1 — ®B — - — PpBFs
6,(B) = 1 — ¢B — = — ¢,B
B =1+ 6B + - + 6,B?

DEFINITION 6.1.3

The seasonal autoregressive and moving average polynomials are defined by

D(2)=1—Pyz— - Dpzl

77
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O(z)=14+6,z2+ -+ @QZQ

EXAMPLE 6.1.4
Let X, ~ SARIMA(1,1,1) x (1,1,1),5.

D(z)=1—D;z
P(z) =1—¢y2
O(z) =1+06,2
0(z)=1+6,z

Therefore,
(1— @, B#)(1 — ,B) (1 - BY)(1 - B)X, = O(B)6(B)W,
Yt
Y, =&Y, 13— 0Y,y — 619,14, = MA term

Y, = f(Y, 13, Y, 1,MAnoise, Y, 1)

where Y, ;5 is the seasonal lag.

REMARK 6.1.5

(1) Y, = (1 - B*)P(1 — B)?X,, a SARIMA model is just one big ARMA model for Y,.

(2) Advantage over ARMA and ARIMA models is parsimony. Since seasonal series have the feature
that X, is similar to X, _, we introduce just a few additional terms to model X, as a function of
X, ..

Fitting SARIMA Models
(1) Usually the seasonal lag s is known.
(2) Differencing and seasonal differencing can be decided upon by:
(@) Eye-ball test and/or examining the ACF and PACF.
(b) Stationarity tests.
(¢) Cross-validation.
We will discuss (b) and (c).

(3) Choosing the order and estimating the components of @, ¢, ©,  can be done in the same was as with
ARMA models.

6.2 SARIMA Cardiovascular Mortality Example

[R Code] SARIMA Cardiovascular Mortality Example


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/6.2 - SARIMA Cmort Example.R
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6.3 Time Series Cross-Validation

DEFINITION 6.3.1: Cross-validation

Cross-validation is a data driven model evaluation and selection tool for predictive models that entails
the following.

(1) Splitting the available data into training and testing sets.

(2) Fitting models on the training sets.

(3) Evaluating predictions of the model on the tests sets as an overall evaluation of model quality.

Standard Cross-Validation

Suppose (Y}, X;) for 1 <i <nsatisfy Y, = f(X,) + ¢,. Let M be a model used to estimate f using f, with the
goal of minimizing L(Y;, f(X;)).

K-fold Cross-Validation
(1) Split (Y;, X;) for 1 <1i < nrandomly into K-groups G, ..., Gy.
(2) Foreach1 < i< K, use M to estimate f(—7) when the data G, is left out.

(3) Evaluate error on G, with

v, = Z L(Yi7f7j(Xi))

(Y;,X,)eG;

(4) The total cross-validation error of the model is:

cvM) =S v,

J

<.
[ M?r
n

REMARK 6.3.2

* K is often called the number of folds.
* If K = n, the procedure is often called the “leave-one-out” cross-validation.
* K = 10 is called “10-fold cross validation.”

Problems with Time Series Cross-Validation

(1) Randomly splitting the data scrambles up any serial dependence relationships.

(2) In time series forecasting, it is often most natural to use the past (recent past) to predict future values.

Time Series Cross-Validation Algorithm

(1) Split the data into training and testing ranges 1 < ¢, < T'where ¢, ~ 0.75T'is 75% of the training sample.
The test sample is X, 4,..., Xp.

(2) Foreachjint, + 1,...,T, use model to forecast ijj based on X, ..., X;. Calculate loss

L(Xj+1\j;Xj+1) =1L

(3) Cross-validation score of model

T
V(M) = > L,
j=t,+1



CHAPTER 6. WEEK 6 80

REMARK 6.3.3

(1) If interested in longer horizon forecasting, you can compare

Xj+1|j7"'7Xj+h|j to Xj+1""’Xj+h

in the loss calculation step.

(2) Stationarity is crucial in time series cross validation since the model errors in the present must be
similar to errors in the future.

(3) One normally cannot cross-validate everything as this is computationally infeasible.

6.4 Cross-Validation Example

[R Code] Cross-Validation Example

6.5 Simulated and Bootstrapped Prediction Intervals
Usually forecasts are of the form
XT+1|T =9(Xp Xy, -, Xy, WT+1)
where W, is a strong white noise innovation.
Often, even models are additive so that
XT+1\T = g(Xpy s Xg) + Wrpyy

Simple and powerful models to produce prediction intervals use simulation!

Simulated Prediction Intervals
(1) Choose a distribution for {W,}. A common choice is W, ~ N (0,5%,).
(2) Forb=1,..., Bwhere B is a large number, simulate {W}bll }
b)

S b
(3) Compute X(T+1\T =g(Xp, ..., Xq) + W;ll forb=1,...,B.

(4) Denote the empirical ¢ quantile of {Xé@_l :b=1,..., B} by @T_H(q). We set the (1 — «) prediction

interval as
(QT+1 (g) ’ QT-H (1 - 3))

For longer horizon forecasts, prediction intervals can be obtained by iteration:

REMARK 6.5.1

o (b) _ v () (b)
XT+h|T = g<XT+h71\T’ ’XT+1\T’ Xpy ooy Xp) + Wriy,

(@r(5)@ru(1-5))

where Q. .»(q) the empirical ¢ quantile of X éf’jr B

The prediction interval is


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/6.4 - Cross-Validation Example.R
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Distributions to Choose for WV,

(1) W, ~ N(0,5%,) where 5%, is estimated from residuals which leads to approximately the same “well
known” prediction intervals.

(2) A distribution fit to the estimated residuals Wt; e.g., a t-distribution, Pareto, etc.

(3) The empirical distribution of the residuals W,; that is, randomly drawing {Wl, s WT} which is com-
monly known as bootstrapping.

Note: An important consideration of the bootstrap is that the residuals should be white! We can check
the whiteness of the residuals using the ACF or a white noise test.

6.6 Bootstrap Prediction Intervals Example

[R Code] Bootstrap Prediction Intervals Example


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/6.6 - Bootstrap Prediction Intervals Example.R

Chapter 7

Week 7

7.1 Exponential Smoothing Models Introduction
* ARIMA Models: Model a time series, potentially after differencing towards stationarity, in terms of its
autocorrelation (linear process).

* Exponential Smoothing: Flexibly model the trend and seasonality observed in a time series.

Simple Exponential Smoothing

Suppose we wish to forecast a time series X, ..., X;. Two extreme forecasts are

X’TH‘T = X, [Random Walk]

Xpgr=X= ;;T; X, [IID Sequence]
Compromise: Exponential Smoothing.
XT-H\T =aXpt+a(l—a)Xp ++a(l-a)’ X,
where « € [0, 1] is the smoothing parameter.
Weights applied to past observations decrease exponentially quickly.
Simple exponential smoothing can be stated as a recursive system of equations.
« Prediction Equation: X, 1 =L

* Smoothing/Level Equation: ¢, = a X+ (1 — a)lp_; = {p(c, £,) which is a convex combination of last
observed value and last prediction or “level.”

* Initial Condition: ¢,.
* Parameters Defining Model are « € [0, 1] and ¢,,.

Estimation may be conducted using MLE (later) or OLS. For OLS,
L 2
(a,ly) = argmin Z[XL — (v, 4y)]
OSO[SLZOER =2
Xpiy = aXp+ (1—@)lr(a.0)

which can be calculated by iterating the level equation back to ¢,,.

82
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Linear Trend Exponential Smoothing

* Prediction Equation: X, +n, = £p+ hbp where £ is the level and b is the slope.

* Level Equation: {7 = aX+ (1 — a)(¢r_; + by_;) which is the convex combination of last observation
and last “level” or prediction.

* Trend/Slope Equation: b = S(¢p— lp_1) + (1 — B)by_; where £ — ¢4, is the last “observed” slope or
change in level.

* Initial Conditions: ¢, and b,.

* Parameters: «, 3 € [0,1], ¢, 5, € R which are estimated using MLE/OLS.

Trend + Seasonal Exponential Smoothing (Holt Winters ES, 1960s)
Suppose h is the forecast horizon of interest and time series has seasonal period p. Set k = [(h—1)/p].

* Prediction Equation: X, +1 = Lp+hbp+ sy pa41) Where £ is the level, by is the slope, and sp 141
is the seasonal effect.

* Level Equation: {1 = (X7 —s7_,,) + (1 — a)(bp_q + bp_q).

* Slope Equation: by = By — by_1) + (1 — B)bp_4.

* Seasonal Equation: sp = y(Xp—{p y —bp 1) + (1 —7)sp_,.
* Initial Conditions: £, By, Sg; -+, S_pi1-

* Parameters: o, 3,7 € [0, 1], £y, By, S5 -5 5_ps1 € R

7.2 Exponential Smoothing as a State Space Model

Consider Simple Exponential Smoothing:
* Prediction Equation: )A(ﬂt_l =4
* Level Equation: ¢, = o X, + (1 — a){,_;.
Re-arranging the level equation gives
b=4 g +a(Xy =L, _y) =4,y +ag,
residual e,
Also, X, = ¢, , + ¢,. Therefore, these equations can be reformulated as:
* Prediction Equation: X, = ¢, ; + ¢,.
* Level Equation: ¢, = ¢, _; + ag,.

Why is this useful? If we make a parametric assumption on ¢, (e.g., €, ~ N (0, 02)), then we can use Likelihood
techniques (MLE, AIC, simulation based Prediction Intervals).

Such equations are examples of “State Space” Models:

DEFINITION 7.2.1: State space model

We say X follows a general state space model if:
* Observation Equation: X, = A,Y, + ¢, where A, is the measurement matrix, Y, is the state
vector (unobserved), and ¢, is an observation error.
» State Equation: Y, = ¢Y, ; + W,.
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Yoo /> Y [/ Yin

¢, and W, are white noise terms that may depend on each other.

EXAMPLE 7.2.2: State Space Models

* AR(1): X, =Y, where Y, = ¢Y, , + W, where W, ~ strong white noise.
* Simple Exponential Smoothing:
Xy =Y 1 +e&

;=Y 1 +og

where ¢, ~ strong white noise.
All ARMA and Exponential Smoothing models can be written in state-space form.

Parameter Estimation and Model Selection using State-Space Formulation
e X, =/4,_,+¢.
e U, =V, +ag,.
o g, ~ N(0,02).

* Initial Condition: ¢,.

zC(X17 cee ,XT;a7£0,O—§) = 4

3

L(X, | X, gy, Xy50,8,02)

T
=1 N(;_1(asly),02)

Likelihood can be maximized numerically, and we use this to calculate AIC/BIC.

7.3 Multiplicative Exponential Smoothing Models
Standard Exponential Smoothing has “additive” errors, in the sense that
Xy =41 +¢&
l=aX,+(1—a), 4
Therefore, ¢, = X, — ¢, ;.
We can also formulate exponential smoothing in terms of “multiplicative” errors, in the sense that

thl — Etfl
ét—l

& =
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where we note that the error is relative to the previous level. Therefore,
Xy =4,_1(1+¢)

L=aX,+(1—a)l,y=oagly +aly 1 +(1—a)l,_y =L, 1(1+ag)

Why consider multiplicative errors? It is important to note that since the level follows the same exponential
smoothing equation, the forecasts from multiplicative and additive error models will be the same. The
difference arises from how uncertainty/error propagates in the model.

« Additive: X, =l + Z?:;}Jr | £; Where we note that the MSE scales like h.

T+h

* Multiplicative: X, o ={p Hj:T+1

(1+¢;) where we note that the MSE (variance) is scaling like

h

(B[(1+20)?)

which could grow very quickly as h — oo.

Multiplicative Linear + Trend and Holt Winters

Linear + Trend State Space Formulation:

Xy — (b g +b4)
lpy +bp

& =

Xy =1 +b 1) (1 +¢)
by =y + b, 1)1+ agy)
by =b,_ 1 + By +b,_y)e,

where ¢, ~ N (0,02).

Multiplicative Seasonal Exponential Smoothing

Let p be the seasonal period.
Xt = (gt—l + bt—l)‘st—p(l + 81‘,)

b=y +b,_1)(1+ agy)
by =byy + By +bq)ey
sy =8 p(1+ey)

When to use Additive versus Multiplicative

Seasonal Exponential Smoothing Models:

(1) Multiplicative models imply that as the level increases (decreases) the seasonal fluctuations increase
(decrease). Additive models suggest seasonal fluctuations remain constant as trend fluctuations.

Seasonal Fluctuations 1 as Level T = Multiplicative.

(2) Use AIC/BIC: The AIC can be evaluated for each state-space model and compared.
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7.4 Exponential Smoothing Model Selection

Given the state-space formulation of exponential smoothing and the use of MLE to estimate the parameters,
it is common to use AIC to choose among competing Exponential Smoothing (including additive versus
multiplicative) models. Other options include:

¢ Cross-validation.

* Residual Analysis (white noise testing).

Prediction Intervals
Using the state-space formulation, valid prediction intervals may be computed using simulation.

EXAMPLE 7.4.1: Simple Exponential Smoothing

XT+1\T ={p
State-space formula:

Xpg 2l + epyy
N(0,02)

(1) Estimate
T
62 == (X; _ETA)2

(2) Simulate

() _ 7 (b)
Xriyr=~4r+ erp

N(0,62)

(3) Use 5% and 95% sample quantiles of Xéf’il‘T, b=1,..., B as prediction intervals.

REMARK 7.4.2

In many cases, the prediction MSE assuming ¢, ~ N (0, 02) can be computed explicitly. See § 7.7 of HA.

An important consideration in applying this approach is that ¢, should behave like Gaussian white noise. We
can check this using a residual analysis.

* White noise tests, ACF plots.

* Quantile-Quantile plot for Normality.

7.5 Jand J Exponential Smoothing Forecast

[R Code] J and J Exponential Smoothing Forecast


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/7.5 - J and J Exponential Smoothing Forecast.R

Chapter 8

Week 8

8.1 Neural Network Autoregression

Input Layer
(Covariates/Predictors)

Hidden Layer

Input 1

Input 2 Output Layer

Input 3

Prediction

Input 4

"Neuron's"
Figure 8.1: Simple Neural Network “Architecture”

It’s possible to have several hidden layers and multiple neurons in each hidden layer.

Any particular layer in the neural network regression, the inputs are mapped to the neurons in the hidden
layer using a simple linear transformation: inputs are mapped to the j® neuron linearly. The value taken on
the 5™ neuron is

where b; is a function, z; is the i input, and w,; are the weights.

To calculate the inputs to the next layer, a non-linear transformation is applied. For example, using the sigmoid
function:
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The final model is a complex non-linear function of the inputs.

Neural Network AR
 Inputlayer: X,,..., X,

—p
* Output layer: X, ;.

A neural network model with % hidden states (assuming one hidden layer) we call a NNAR(p, k) model.
REMARK 8.1.1

If kK = 0, then NNAR(p) = AR(p). The inputs are mapped linearly to the outputs.

Seasonal Neural Network AR

* Input layer: X,,..., X, ,, X, ,,,, X, p where m is the seasonal lag.
* Output layer: X, ;.
We call this a NNSAR(p, k, P),,, model.

The model selection of choosing k, p, and P can be carried out using cross-validation where the weights are
estimated using ordinary least squares.

Prediction Intervals

If X, = (X;,...,X; s Xy s, X;_p )' denotes the vector of predictors, then we can posit an additive
stochastic model for X, as

X = f(Xy) +eq
where f is the neural network.

By calculating the residuals £, = X, — f(X,), prediction intervals can be estimated using the bootstrap
b7 b
X0 = f(Xp)+EY, (b=1,..,B)

We can then construct a prediction interval by using the empirical quantiles from the simulated distribution of
the forecast 1-step ahead. This process can be iterated multiple times to produce forecasts as well as prediction
intervals for forecasts at longer time horizons.

[R Code] Neural Network Autoregression

8.2 Comparing Various Forecasting Methods

* [R Code] Comparing Various Forecasting Methods

* The M3-Competition: Results, Conclusions and Implications

8.3 Conditional Heteroscedasticity

Hetero - scedasticity
different variance
Hetero - scedasticity

e —
same variance


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/8.1 - Neural Network Autoregression.R
https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/8.2 - Comparing Various Forecasting Methods.R
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EXAMPLE 8.3.1

If X, is weakly stationary, then X, is “homoscedastic” in the sense that V(X,) = 0% does not change
over time.

DEFINITION 8.3.2: Heteroscedastic

We say a time series X, is heteroscedastic if V(X,) = 0% ,; that is, the variance depends on ¢ and
changes at some points.

REMARK 8.3.3

Heteroscedastic time series are not stationary.
Asset price data terminology: In the context of conditionally heteroscedastic time series, we often consider
asset price or “financial” time series. Suppose X, = price of an asset at time ¢.
DEFINITION 8.3.4: Returns, Log-returns
If X, is the value of an asset at time ¢, then the return (relative gain) Y, of the asset at time ¢ is
Vi =X, =Xy = VX,

Furthermore, the log-returns of a positive asset price series X, are

X

Y, =log( - ) =log(X,) ~ log(X, )
t—1

REMARK 8.3.5

“Volatility” <= “Variance”.

[R Code] ARCH and GARCH Introduction

A common observation, especially prominent with financial and asset price data, is that periods of volatility or
heteroscedastic tend to cluster.

Why? Big “shocks” cause volatile periods, that further propagate volatility until things “calm down.”

ARMA and linear time series models are not useful for capturing this phenomenon as we will see in the next
example.

EXAMPLE 8.3.6
Let X, ~ AR(1); that is, X, = ¢ X, ; + W, where |¢| < 1.
E[Xt | X1, Xy o, ] =0X;
ARMA models “model” the conditional mean X, ;, X, ,....
V(X | Xoo1, Xyo,-.) = 0%y

X, 1,X, o, ... leave the variance untouched.


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/8.3 - ARCH and GARCH Introduction.R
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DEFINITION 8.3.7: Conditionally heteroscedastic
We say a time series X, is conditionally heteroscedastic if
VX, [ Xy g, Xyo, ) = U%(,t

that is, the variance changes with ¢.

It’s possible to have a time series X, that’s homoscedastic, but is also conditionally heteroscedastic.

8.4 ARCH and GARCH Models

DEFINITION 8.4.1: Autoregressive conditionally heteroscedastic (ARCH)

Let W, be a unit variance strong white noise; that is, E[W,] = 0 and V(WW,) = 1. We say X, follows an
autoregressive conditionally heteroscedastic (ARCH) model if there exists parameters w > 0, a; > 0
such that X, = o, W, where

o} =w+ oy X7,

where o7 is the conditional variance and W, is a white noise.

REMARK 8.4.2
ARCH is from Robert Engle, 1982.

DEFINITION 8.4.3: Autoregressive conditionally heteroscedastic [ARCH(p)]

We say X, follows an autoregressive conditionally heteroscedastic model of order p, if W, is a strong
white noise with E[W?] = 1 and

X, = oW,
P
2 _ 2
o =w+ E a; Xi
=1

where p >0, w >0, and a; > 0 for j = 1, ..., p. We write X, ~ ARCH(p).

REMARK 8.4.4

(1) o7 is called the “conditional variance” or “volatility.” Imagine that there exist a representation
X, = g(W,,...,W,_,) (stationary process satisfying the ARCH model). Then, for example, in the
ARCH(1) case,

of =w+ o Xy = g,(Wl Wiy, .)

Therefore,
V(X [ Wy, Wy g, ) = V(oW [ Wy _yq,.0) = U% V(W) = Ut2

V(W,) = 1 identifies o7 as conditional variance.

(2) Engle won the Nobel Prize in economics in part for “methods of analyzing economic time series
with time varying volatility (ARCH)” in 2003.

(3) One problem noted early on was that ARCH(p) models required large orders of p to model asset
returns which suggested generalizing the model.
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DEFINITION 8.4.5: Generalized autoregressive conditional heteroskedasticity (GARCH)

We say X, follows a generalized autoregressive conditional heteroskedasticity (GARCH) model if
W, is unit variance strong white noise and

Xy =0 W,

P q
oZ=w+ Z anthj + Zﬁkat{k
j=1 k=1
where ¢ > 0, p > 0, w > 0, a; > 0for j = 1,....,p,and B, > 0 for k = 1,...,q. We write X; ~
GARCH(p, q).
REMARK 8.4.6
The GARCH(p, ¢) model was proposed by Bollerslev (1986).

REMARK 8.4.7

* GARCH(p, 0) = ARCH(p).
* GARCH(0, 0) is a white noise.

PROPOSITION 8.4.8: Properties of GARCH

Suppose for the moment that there exists “a stationary and causal time series X, satisfying the GARCH(p, q)
model,” X, = gW,,W,_,...) = 07 =g,(W,_,W,_,,...), then
(1) E[X,] = E[o,) E[W,] = 0 since o, and W, are independent.

vx(h) = ]E[Xt—o—hXt} = E[C’t+hWt+h‘7tWt] =0

since W,_,, is independent of the rest. Therefore, GARCH series have mean zero and are serially
uncorrelated by construction.
(2) Suppose X, ~ ARCH(1).

X2 = a2W?
=o2(WZ+1-1)
=07 +(WZ—1)
=w+ o X7y + o (WP —1)
Now, note that 0? = g(W,_1,W,_s,...), and W2 — 1 is a mean zero random variable. Hence, the last
term is a weak white noise.

Therefore, X? ~ AR(1) process (weak white noise innovations).
(3) In generdl, if X, ~ GARCH(p, q), then X? follows an ARMA model with weak white noise innovations.

X, ~ GARCH(p,q) = X} is serially correlated (ARMA).

[R Code] ARCH and GARCH Models

8.5 Stationarity of GARCH Models

Suppose X, ~ GARCH(p, ¢) model.

Question: Under what conditions on w, ay, ..., a,,, 84, ..., 3,, does a stationary process { X, },. satisfy these
questions?


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/8.4 - ARCH and GARCH Update.R
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REMARK 8.5.1

Suppose a stationary solution exists that is a causal Bernoulli shift; that is,
X, =gWy, Wy_q,...) = 0f = g,(Wy_1, Wy, ..)

If V(X,) < oo, note
V(X,) = V(o,W,) = E[07W7] = E[07] = 0%
Using the GARCH recursion:

P q

Elfl=w+ Y oEXZ ]+ BEl07 ]
j=1 k=1

P a
:>U§(:w+§ ajag(—i—g BLo%
j=1 k=1

Solving gives
w

P q
1= 1= 2 Br

Suggests that in order for a solution to exist in L2, we need at least

b q
j=1 k=1

2
Ox =

(Bollerslev, 1986)

Consider GARCH(1, 1) case; that is,
X, = o, W,
of =w+aXi  + oy,
In order to get a stationary solution for X, that satisfies X, = 0,,, we need a stationary casual variance
process.
Let f(z) = az? + 3. Iterate GARCH recursion:
o} =w+aXi +poi,

=w+alop Wy + Boi

=w+ (aW |+ B)o} 4

=w+ f(W,_y)(w+aX? 5+ fof )

=wHwf(W,_y) + fF(W,_y)(@XP 5 + Boi_y)

wAwf(Wi_y) +wf (W) f(Wi_s) + fF(W_1) f(Wy o) (X7 5 + By 307 3)

| “(1 + iﬁf(wtj))

i=1 j=1
= ga(Wtfh W,_o, )

Posit solution
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Now, note that Zf: . log(f (Wt,j)) is a random walk. Therefore,

j +0o0 with probability 1 if E[log(f(W,))] >0
Z log(f(W,_;)) = { —o0 with probability 1 if E[log(f(W,))] < 0
=1 oscillates between —oo and +oo  if E[log(f(W,))] =0

The good case is when E[log(f(,))] < 0, and it causes the terms to tend to zero fast.
THEOREM 8.5.2
A stationary solution X, exists to the GARCH(1, 1) equations if and only if
v = E[log(aW¢ + 8)] <0 [Top Lyapunov Exponent]

The solution is of the form
X, = oW,

J

o2 = w(l + i]‘[mwg_j + ﬁ)) = g(W, 1, W, o,...)

j=1i=1

where g is a function that is not linear; that is, we have a non-linear time series.

REMARK 8.5.3
(1) Ify < 0, w = 0 forces X, = 0. Therefore, we will normally assume w > 0.
(2) The condition v = E[log(aW¢ + 8)] < 0 depends on the distribution of W,.
(3) A sufficient condition is a; + 8; < 1.

Proof of Remark 8.5.3 (3)

Jensen’s Inequality: If f : R — R is convex, then

fEX]) <E[f(X)]
and the opposite holds if fis concave. We note that log(x) is concave, hence
Ellog(aWg + )] < log(ElaW¢ + ]) =log(a+ 8) <0

only when a + 8 < 1.

REMARK 8.5.4: Second-order Stationarity of GARCH(1, 1) Equation

If @; + B, > 1, we have seen that V(X,) is not well-defined. If o; + 5; < 1, then

w

Bjof] =B — —

] <

Assuming a; + 5, < 1, then we know a stationary solution exists and in this case, X, is weakly stationary
and is a weak white noise.

vx(h) = E[Xt+hXt] = E[Ut+hWt+hUtWt] =0

93
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Parameter settings "\

in this region lead 1
to stationary

solutions such that

Var(X;) = oo

y > 0 region

Very frequently,

when fitting GARCH
models, parameters
areclosetoa+f =1

Second-order stationarity
Figure 8.2: GARCH(1, 1) “Region of Stationarity”

8.6 T Stationarity of General GARCH(p, q)

General conditions exist for when a GARCH(p, q) process has a strictly stationary solution: Let

7= (B + oy W2, By, .., By 1) R
(

& = (X2,0,..,0) e RI!
a=(ag,...,a, 1) € Rr—2
I, = ¢ x cidentity matrix.
N = (w,0,...,0) € RPHa-1
Y, = (07,07 4o, X2, X7, y) €RPFOE
o By a  aq
I 0 0 0
— |1 (p+q—1)x(p+g-1)
M, &0 0 ol € R
0 0 I,, 0

THEOREM 8.6.1
X, solves the GARCH(p, q) equations if and only if

Y, = MY, ;+N

This representation is known as the Markov representation of the GARCH equations. This defines a first
order vector autoregression for Y, with (random) matrix coefficients M,.

Let A, be a stationary sequence of random (p 4+ ¢ — 1) x (p + ¢ — 1) matrices, and define, for an arbitrary norm
on matrices || - | the scalar random variables.

ry = A A A

under some relatively mild conditions (ergodicity)

t—o0

v = lim [1 E[logm)]]
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is well-defined and is called the top Lyapunov exponent of the sequence A, for ¢t € Z. This result is coming
from Ergodic theory in the 1970s.

THEOREM 8.6.2

A stationary solution to the GARCH(p, q) equations exists if and only if
v<0

where y is the top Lyapunov exponent of sequence M, for t € Z appearing in the Markov representation.
When a stationary solution exists, it is causal and unique.

THEOREM 8.6.3: Theorem 1 of Bollerslev (1986)

A necessary and sufficient condition for there to exist a second order stationary solution to the GARCH(p, q)

equations is that
p q
a4 i<t
j=1 =1

8.7 Identifying GARCH Models

The decision to fit a volatility (GARCH) model to a time series often arises from
(1) Observing volatility (conditional heteroskedasticity) in a series.
(2) Conditional variance forecasting is of specific interest (e.g., risk analysis, financial TS analysis).

If strong serial correlation is observed in the series, one often fits initially an ARMA model, and then fits a
GARCH model to the residuals.

Identifying Serial Correlation

Recall that the normal ACF bounds (blue lines) are constructed based on the assumption that the series is a
strong white noise. A GARCH model is a weak white noise.

ACF Bounds for Weak White Noise
Suppose for example that X, ~ GARCH(1, 1), then

rx(h) =0 (h>1)

1= R
?Z X, X,1n = Efx(h)] =0
Jj=1

~
>
~

—h
E[Xij+thXk+h]

V(VTix(h)) =

NI =
I

<.
Il

T

:-)—‘
"ﬂ:r
> =

Elo;W;05n W0k Wi n 0k Wi

|
Nl =
1
il

y
;—H

E[X2

J+hX2]

Nl

<.
Il
—



CHAPTER 8. WEEK 8 96

* If j > k, then W, is independent of the other terms.
 If k > j, then W, _, is independent of the other terms.

* E[X; + h*>X7] does not simplify to a product o since X7, ,, is correlated with X?.

THEOREM 8.7.1
If X, is a weak white noise (suitably weakly dependent), then

VT (h) % N(0,E[X,X2,])

REMARK 8.7.2
(1) E[X2X?,] can be consistently estimated from the sample:
—h

2 2
XinX;

M'ﬂ

. 1
%h= T2

J

Il
=

Therefore, an approximate (1 — «) prediction interval for p(h) under the assumption of a weak

white noise is ~
1 ay,

e e
VT 15(0)

The blue line depends on & due to 6,,.

(2) Note that
E[X2X2,] = (E[XZ])* + Cov(X3,X?,)
GARCH — Cov()>0

Hence, in a GARCH setting, the weak white noise intervals for ACF are (often) larger.

[R Code] Identifying GARCH Models


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/8.7 - Identifying GARCH models.R

Chapter 9

Week 9

9.1 Tests for GARCH Models

Conditional heteroscedasticity is characterized by correlation in X?. Formally, we can use a white noise test to
X? to evaluate if X, exhibits conditional heteroscedasticity.

THEOREM 9.1.1: Portmanteau (White Noise) Test of X?

Let py-(h) denote the empirical ACF of the series X7 for t = 1,...,T. If X, is a strong white noise with
E[X*] < oo, we define

Lk D
QT,H) =T px2(h) oo x*(H)
h=1

where H is the number of lags we use. If X, ~ GARCH model, then

QT, H) ——

T—o0

The p-value of test for homoscedasticity versus conditional heteroscedasticity is given by
= P(XZ(H) > Q(T, H))

REMARK 9.1.2

(1) This test has several names in the literature, including “McLeod-Li Test.”
(2) Often, it is applied to the GARCH models in order to evaluate goodness-of-fit of a GARCH model
(and decide on p and q).

[R Code] Tests for GARCH Models

9.2 GARCH Parameter Estimation

Consider ARCH(1) case. We showed that if X, ~ ARCH(1), then X? ~ AR(1); thatis, X? = w +aX? | +V,,
where V, = 0?(W7? — 1) is a weak white noise.
Suggests estimating w, o using least squares.

T
(&,a) = argmin Z[Xf — (Wt ax? )
w>0,0<a<1 =9

97
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REMARK 9.2.1

This leads to consistent estimation for an ARCH(1) model.

For a general ARCH(p) model, we can also use least squares:

T
2
Lla)= > [X]—(w+a X],++a,X} )|
J=p+1
where a = (w, @y, ..., o) ". Minimized by
a=XTX)'XTy
1 Xg X3
X=|: tow 1| eRITPXBHY
1 X%,l X%,p

Y =(X2,,,...,X3)T eRT?
THEOREM 9.2.2: Chapter 7, Francq and Zakoian

The OLS estimators of the ARCH(p) process are consistent if E[X}] < oo, and are v/T-consistent and
asymptotically Gaussian if E[X?] < oo under “regularity conditions” including

(1) The true ARCH parameters admit a stationary and causal solution.

(2) The innovations W, have a non-degenerate distribution.

Quasi-Maximum Likelihood Estimation
Let X, ~ ARCH(1); thatis, X, = o, W, and 07 = w + aX? ;.

We make a parametric assumption that W, ~ N (0, 1). Assuming the model admits a stationary and causal
solution (w > 0 and 0 < o < 1), then

Xy | Xy ~ N0, w+ O‘Xt{l)

o? is known

L(w,a) =

i~

Iﬁ(w, o, X, | X g, ,X1)
N(0,wtaX? ;)

~
|l
()

which is maximized numerically.

General GARCH(p, ¢q) Case

D
Xl Xy gy n Xy R X | Xy 1, Xy gy N(0,0’?)

infinte past

p q
J? =w+ Za‘ngfj + Zﬂzgffg = J?(wa «, IB>
= =1

T

£(w,a,,6) = H fw,a,,@(Xj | Xj—l?"'le)
J=max(p,q)+1

where f,, , g(X; | X;_;,..., X;) is the conditional density of N(0, sz_ (w, a, B)).
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REMARK 9.2.3

There is a catch to Quasi-Maximum Likelihood Estimation. As the equation
'4 q
ol =o0l=w+ Zant{j + Zﬂgat{e =o?(w,a, B)
j=1 =1

is iterated to calculate the conditional likelihood eventually things arise that are unknown:
{X;:5<0}

{07,7 <0}
Therefore, we do some initializations:
* o2=wand X? =wfort <0.
* 07 =wand X? =0fort <0.
Note: if the series is “long,” the initializations won’t have much of an effect. However, we must be
careful when fitting a GARCH model to short series.

Parameter Constraints:

admits a stationary solution.

(1) “Hyper-Pyramid:”

p q
(w,a, B) € {w>O,Zai+Zﬁj< 1,ai,ﬂj20}

i=1 j=1

solution is second-order stationary. Frequently, parameter estimates lie near the boundary (i.e., a4+ = 1)
Most packages consider this region.

(2) (w, e, B): Top Lyapunov exponent < 0. Entire stationary region is searched. Some “better” packages
implement this (e.g., SAS).

THEOREM 9.2.4: Chapter 6, Francq and Zakoian

If X, ~ GARCH(p, q) admits a stationary and causal solution, then the Quasi-MLE (QMLE) estimators are
consistent.
o If W, ~ N(0,1) (actually, so that QVILE = MLE), then the estimators are efficient (achieve the
smallest variance among consistent estimators).
o IfW, » N(0,1), the QMLE may not be efficient, but it is in several cases.
Takeaway: QMLE estimation is the benchmark of GARCH model parameter estimation.

9.3 GARCH Residuals and Forecasting the Conditional Variance

If X, ~ GARCH(p, q), then (w, ¢, 8) can be estimated using QMLE to obtain (&, &, B),

Then, estimates of conditional variance can be computed by:

p q

6l =0+ QX+ Bl g+1<t<T
=1 =1
min(j,p)

o2 =0+ a X2, 1<t<gq
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GARCH Residuals

X
X, =0, W, = Wt:O—t (w>0)
t

Therefore, the residuals are given by
X t

W, = N
Model diagnostics can be applied to W, to check:

(1) “Whiteness” or “Squared Correlation.”

(2) Normality.

(3) These also may be used in bootstrap procedures.

Forecasting the Conditional Variance

1-step ahead:

~ ~Q ~

Initializations: X7 =&, 67 = w for ¢ < 0.

h-step ahead:




Chapter 10

Week 10

10.1 Choosing the Orders of a GARCH Model

(1) Use a GARCH(1, 1) model. “We do not find much evidence that the GARCH(1, 1) model is outperformed.”
Hansen, Peter R., and Asger Lunde (2001).

(2) Model Diagnostics: Consider the GARCH residuals

(a) Check for whiteness, BLP test applied for Wt, and WE (check for residual correlation in the squares).
(b) Plot the ACF of W, and W2.
(3) Use information criteria. If £(®, &, B) is the maximized likelihood, then
IC = —2log(£(, &, B)) + P(T, k)
where k = 1+ p + g and P(T, k) is the penalty term (AIC or BIC).
REMARK 10.1.1: Cross-validation

It is difficult to apply cross-validation in GARCH modelling since 57 (object we are modelling) is
unobserved.

Possible cross-validation criterion: Compare X? to 57 (estimated from X, ;,..., X;). It is not typical to
do this (although maybe it should be).

[R Code] Choosing the Orders of a GARCH Model

10.2 Value at Risk Forecasting

One common application of GARCH modelling is to forecast the conditional quantile of the loss in price of
financial assets.

DEFINITION 10.2.1: Horizon h loss

Suppose V; is the price (value) of an asset at time ¢. The horizon & loss is denoted

Lt,t+h = _( Vt+h - Vt )

horizon h return

101
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DEFINITION 10.2.2: Value at risk

Let &, denote all “information” available up to time ¢. For example, #, = X,, X, ,...,V,,V,_4, ....
The horizon h value at risk at level a is denoted VaR, j («), satisfies

P(Lyj, > VaR, () | F4) <

In practice, we take
VaR, j, (o) = inf{z : P(L; ), >z | F;) < a}t

That is, VaR, , () is the (1 — «) conditional quantile of the loss distribution.
REMARK 10.2.3

If L, | #,is a continuous random variable, then VaR, , («) satisfies

P(L; > VaR, (a)) = o

EXAMPLE 10.2.4

Ly pyn | Fyr~ N<mt,h,at2’h>, then
VaRt,h(a) =My p I Ut,h@71(1 — O[)

where

S My = ]E[Lt,t+h | ?t]'

¢ U?,h = V(Lt,t-‘rh ’ ?t)‘

» &' is the standard normal quantile function.
REMARK 10.2.5

Letr, = V, — V,_, be the simple returns, then

t+h
Lign=— Z r; [Telescoping Sum]

j=t+1

Hence, if we can derive a model for {r,},., (e.g., a GARCH model), we can also obtain a model for
Ly tin-

Similarly, if r, = log(V,/V,_,;) = log(V,) —log(V,_;) denotes the log-returns, and ¢, (h, a) is the quantile
of the conditional distribution of r, | +--- +,,;, then

VaR, (@) = [1 — e,

“Model for returns/log-returns —> model for loss.”

DEFINITION 10.2.6: RiskMetrics model
Let r, denote the returns (or log-returns). The RiskMetrics model is defined by
r, = oW, W, ~ N(0,1)
o =Xo? + (1= )r? [ETS Model for Conditional Variance]

VaR, ; (a) = 01197 @) if returns
; [1 —e®9)]V, if log-returns
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The h-step ahead VaR is approximated by
VaR, (o) = \/ﬁVaRM(a) [V/h-scaling]

REMARK 10.2.7
(1) vh-scaling derives from the assumption that r, = V, — V,_, i v (0,0?%). Therefore,

t+h
Liyn=— Z T~ N(0,0%h) [Somewhat Dubious!]
j=tt1

(2) The RiskMetrics model leads to a degenerate GARCH model (w = 0). It tends to underestimate

2
o;.

A General Approach Using GARCH Models
» Step 1: Fit a GARCH model to the returns r,.
* Step 2: Use the GARCH model to forecast 57, ;.

* Step 3: Set ¢,(1,) = aquantileof r,, ; =0, Hﬁ‘l (a) where Fis the distribution estimated from the
GARCH residuals:

(@) F ~ N(0,1) CDF.

(b) Frt distribution, Pareto, etc.
© F~ Empirical CDF (Bootstrap).
For h-step ahead VaR forecasting:

 Option 1: Apply v/h-scaling.

* Option 2: Use the GARCH model to simulate rg,[fi . 77-(191 ,» where the errors W, are drawn from F. Set
¢, (h,«) = a quantile of Zzig , 7; to be the empirical quantile of
Teh
b
Sk, (b=1,...B)
j=T+1

where B is large, (e.g., B = 10°).

10.3 Backtesting and VaR Forecasts

DEFINITION 10.3.1: Backtesting

Backtesting returns to the practice of testing a predictive models’ accuracy by applying it to historic
data.

REMARK 10.3.2

Backtesting is a fancy finance term for cross-validation.

When backtesting VaR forecasts, we would be looking for:

* Correct Coverage: P(L, ), > VaR, ,(®)) ~ o.
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* “Tightness/Sharpness to the Data:” If
P(Lt,t+h > VaR%,h(OO) = P<Lt,t+h > VaRf,h(a))

then whichever is larger is better.

l-step VaR Backtesting
Letl,  (a) =I{L,, ., > VaR, («)}. We should have

1L
T Z Iy (o) ~
t—1

* Historical Data Approach: ¢,(1, «) is the a empirical quantile of the last 250 returns.

* RiskMetrics: ¢,(1,a) = 5,,,9 *(), 6,,, coming from the RiskMetrics “recursion” with A = 0.94 and
initialized by variance estimate from previous 250 observations.

* GARCH(1,1)-Gaussian: ¢,(1,a) = ,.,® '(«a), 5,,, coming from GARCH(1, 1) fit.

* Non-parametric GARCH Bootstrap: ¢,(1,«) set to be a a quantile of simulated 1-step return from
GARCH(1, 1) with errors drawn from GARCH(1, 1) residuals.

[R Code] Backtesting and VaR Forecasts

10.4 Asymptotics of Partial Sums of Stationary Random Variables

Suppose {X,},7 is a strictly stationary time series; that is, E[X,]| = u, and yx(h) = E[(X, — p)( X,y — 1))
We denote the estimator for y by:

X;

Mq

1
T i=1

Note that E[X] = ;1 and

1 T T
V(X ﬁZZE X;— )]
7j=1 i=

1 T—1

= (T — [h)vx (h)
T2 h=1-T
1

~ 7 > Ax(h) asT — oo

where vy (h) is called the “long-run” variance of {X,},..
THEOREM 10.4.1
Under weak dependence conditions on {X,},.z (e.8., if X, is a linear process with ZZO Y? < 00), then

VRE - 2 (0. Y 40)

T—o0 e

Application: Inference for the mean of a stationary time series. Suppose {X, },.z is strictly stationary, E[X,] =
b

* Hy:p=py

* Hptp#
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Test statistic: B
V(X — ) D

ZZ‘;,OO Vx(h)

Zp= N(0,1) = p=P(|Z| > |Z7]|)

where Z ~ N (0,1).

Estimating the Long-Run Variance (LRV)

ORy = ZZO:_OO ~vx(h), a natural estimator is Z;‘C;l_T ~x(h). A problem here is that 4(7" — 1) is only based on
a pair of observations.

Truncated Long-Run Variance Estimator

H
&ERV: Z Yx ()
h=—H

H is the “bandwidth” or “truncation parameter.” Normally, in order that 52y, would be consistent, we take

T—o00
H=H(T) —— o0. So,
H(T) T
T 0

Standard Choices of H

Default in most R functions that use truncated LRV estimators:

o)

o -|o(5)"]

Another one:

Dependent Z-test or t-test
V(X — 1)

Zyp = —~
O1LRV
More conservative:

p="P(ltr_1| > 1Z7])

Another one:
p="P(Z| > |Z1|)

Partial Sum Process
Suppose X1, ..., X are i.i.d. with E[X;] = 0 and V(X,) = o2. Define
|7 ]

1 L

Sp(x) = 77 Z X, [Partial Sum Process]
=1

By CLT, Sy(1) ~ oV (0,1) as T — oo. Also,

D
Sr(x) P oW (x) [Standard Wiener Process or Brownian-Motion]
— 00
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THEOREM 10.4.2

If {X,},cq is strictly stationary and suitably weakly dependent, then

| T |
51(0) = 753 (X =) 72 oW 2)
where -
OfRy = hz Yx(h)

10.5 KPSS Test
We are often interested in evaluating:

* Hy: {X,},cz is stationary.

* H,: {X,},cz is non-stationary.
Other possible alternatives are:

* H,,: Change in level:

E[X,] = - = E[X,.] # E[X).,,] = - = E[X]

* H,,: Trend: X, = f(t) + ¢, where ¢, is stationary.
* H,3: Random-Walk [Unit Root]: X, = X, ; +¢,.

Kwiatkowski-Phillips-Schmidt-Shin (KPSS) Test

t=1
indicate change in the level or random variable.

Consider 7
1 & - |7 ]
Zp(x) = ﬁ;(Xi —X)=5p— %STO)
where Sp(z) = \%T ZLT-TJ (X; — p). As we mentioned, fluctuations in Z,(x) as a function of « that are “large”

1
KPPS; = Measure of Fluctuations = oy ; Z2(k)T)

Under H,: {X,};cy is strictly stationary and weakly dependent with V(X,) < cc.

KPSS, — %% XT: Z2(t/T) ~ /1 [ZT@)] i
0

LRV =1 OLRV

D

Zy(a) = S1(0) —~ Lxl§,00) 2 o [W (@) — oW (1)

T—oo
Define W (x) — 2W (1) as the Brownian Bridge B(x). Therefore,

1
D

KPSS P B?(x)dx [Cramér-Von Mises Distribution]
— 00 0

Under H, ; to H, 3, KPSSy TL> oo. If CVM := j(")l B?(x) dw, then p = P(CVM > KPSS;). Small p suggest
—00
non-stationarity.
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REMARK 10.5.1

(1) Note that the null hypothesis of the KPSS test is stationarity, and so we only reject if there is strong
evidence against stationarity.
“KPSS test is unlikely to identify series that only have mild non-stationarity.”
(2) Test is powerful against:
* Changes in level.
* Trends.
* Random walk.
(3) Test is not powerful against:
* Heteroscedasticity (change in variance).

[R Code] KPSS Test

10.6 Diebold-Mariano Test

Notice that if we have two models

Forecasts ~ CV Errors Loss =~ %
1 Xt,1 €1 = Xy — Xt,l — Lt,l = L(em)
M, X2 eo=X;— Xy o —— Lyo=L(¢,)
Forecasts ’® CV Errors ’ > Loss ’ ’

where L(z) = > = MSE for example.

CV Error = Z im
tetest sample
REMARK 10.6.1

Even if the models have the same predictive power, one of them will have “better” cross-validation error.
Question: Is the model “really” better?

Diebold-Mariano (1995) suggested testing

Hy: E[Lt,l - Lt,Z] =0

Statistic: D = im — fjm (average loss difference between models).
. 1 <&
D= T Z D, [T-length of test sample]
=1

Under the assumption that D, is weakly dependent and stationarity, and if H, holds, then

VTD

Sy VO

DMT =

Test of Equivalent Mean Loss:
p="P(|Z| > [DM])

[R Code] Diebold-Mariano Test


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/10.5 - KPSS Test.R
https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/10.6 - Diebold Mariano Test.R

Chapter 11

Week 11

11.1 Multivariate Time Series Introduction
So far we have considered the case where {X,},.z, or an observed stretch X, ..., X are real numbers (take
values in R).

Frequently, we observe multiple time series at the same time. Suppose we observe d time series of length
T.

Xia o Xip
Xoq = Xorp
Xa1  Xar

Conceptually, we might imagine that what we observe is a vector X, = (X 4, ... ,Xd7t)T eRiforl1 <t<
T.

DEFINITION 11.1.1: Multivariate time series

Consider a vector-valued stochastic process X, = (X, ;,..., X,,)" € R%, t € Z. We call such a process
indexed by the integers, or an observed stretch X, ..., X, a multivariate (vector-valued, d-variate)
time series.

EXAMPLE 11.1.2

* (X4, Xg4,)" could denote the log-returns of d-stocks.
* (X, Xy, X3,)" could denote the measurements of the position of an object at time ¢.

DEFINITION 11.1.3: Mean, Autocovariance matrix (Multivariate)

Consider a multivariate time series { X, },., of dimension d. The mean of the process is
E[X; ]
pe =E[X,] = 5
E[Xg,]

I(t,s) =E[(X, — ) (X, — py) '] € R

The autocovariance matrix is

where I'(t, s) encodes the variances/covariances between all coordinates of the time series at times ¢
and s.

108



CHAPTER 11. WEEK 11 109

DEFINITION 11.1.4: Weakly stationary, Strictly stationary (Multivariate)
We say a vector-valued time series { X, },., is weakly stationary if
u; =E[X,] = p [does not depend on ¢]

I'(t+h,t) =I'(h) [autocovariance only depends on the lag]

We say {X,},.z is strictly stationary if for all h € Z, m € N, iy,...,i,, € Z, B;,...,8B,, C R?
(“measurable subsets”) we have

P(Xll € Bl? 7Xim S Bm) = P(Xi1+h S Bl? 7Xim+h S Bm)

“Finite dimensional distributions are shift-invariant.”

PROPOSITION 11.1.5: Properties of Multivariate Stationary Processes

« I'(h) =T'(~h)".

()7 = {E[X,  — (X~ "]}

=E[(X, — )X — )]
=E[(X,n — (X, — )] by weak stationarity
— I'(h)

* By the Cauchy-Schwarz inequality,

P®)G.4) < {PO)6ArO)G. 1)

— I'(h)li, j] is the covariance between X, ;, ;, and X ,.
— I'(0)[i, 1] is the variance of X .
- I'(0)[7, j] is the variance of X .
DEFINITION 11.1.6: Autocorrelation matrix
The autocorrelation matrix is defined as
I(h)[i, 5]
'_ R
{ro aro).i}

R(h)[i, 5] =

REMARK 11.1.7

* I'(h)[i,i] = ~;(h) is the autocovariance of the component series X, ;.
* R(h)[i,1] is the ACF of the time series X ;.

DEFINITION 11.1.8: Cross-covariance, Cross-correlation function

The cross-covariance between series X; , and X, , assumed to be stationary is

71,2(]1) = E[(Xl,t-HL - Ml)(Xz,t - #2)] = I'(h)[1,2]
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The cross-correlation function is

71,2(h)

= R(h)[l, 2]
[71(0)12(0)

Pl,z(h) = }1/2

DEFINITION 11.1.9: Empirical autocovariance matrix

If X,,..., X is an observed series of length T (assumed to arise from a weakly stationary series), then
the empirical autocovariance matrix is

)

—h
(Xpon — X)X, = X)T

Fh:

Nl =

&~
Il
—

R, = diag[f(O)]_l/Qf(h) diag[f@)]_m

THEOREM 11.1.10

If {X,},c7 is weakly stationary and suitably weakly dependent, then

|t - rof| = 0,( =)

where | - || is any norm on matrices.
If{X,,} and {X,,} are each strong white noises with finite variance, then

VTR(h)[1,2] % N(0,1)

Takeaway: The usual “blue lines” [+1.96/v/T] can be used to measure for “strong cross correlation.”

[R Code] Multivariate Time Series

11.2 Vector Autoregressive and Vector ARMA Models

Suppose {X,},.; is a strictly stationary vector-valued process in R%.
DEFINITION 11.2.1: Vector autoregressive process

We say {X,},.z follows a vector autoregressive process of order 1, denoted VAR(1), if there exists a
matrix A € R¥? so that

X, =AX, , +W,
where {W,},.; is a strong white noise in R%; that is, {W,},; is i.i.d., E[W,] = 0, and V(W,) = Xy,
where Xy, is the covariance matrix of W,.


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/11.1 - Multivariate Time Series.R
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Stationary Solution to VAR(1)

Suppose A € R**? satisfies | A, = sup,,_, [Az| < 1 where z € R and | - || is the Euclidean Norm. Then,
the VAR recursion is:

X, =AX, |+ W,
= AAX, , + W, 4]+ W,
= A2X, , + AW, | + W,

M
=D AW+ AMIX,
=0

REMARK 11.2.2
For any y € RY,
() |4yl = A”;’|H|yn < 1Al o]
(2) [[4My]| = |AAY-1y] < |A], A% 1y < - < |AJM|y]. Therefore,

M—oc0

HAM“XHMH)H <A X~ ars1)l —— 0

THEOREM 11.2.3

If | Al,, <1, there exists a stationary process X, € R? so that

Xy =AX;,  +W,

oo
X, = Z A*W,_, [vector-valued linear process]
=0

o A is well-defined since A is a contraction.

DEFINITION 11.2.4: Vector ARMA

We say {X,},.; follows a vector ARMA model of orders p and ¢ if there exists coefficient matrices
Ay, ..,A,, B, .., B, € R so that

X, =M X, g+ + A X, AW, + BW, | +-+B,W,
I VAR ‘ I VMA l

THEOREM 11.2.5

There exist a stationary and causal solution to the vector ARMA recursion if and only if
det(I — A(2)) #0 (|]z|<1,z€C)

where A(z) = Ayz + -+ A, 2P is a matrix-valued polynomial.

REMARK 11.2.6

(1) Due to the difficulties of estimating the MA components in even moderate dimensions, it is common
to use pure VAR models.
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(2) Parameter estimation is simple using least squares.

T
Ay, .., A, = argmin Z X, — A X, | —— ApXt_pH2

Alv"'aAp t=p+1

where | - | is the Euclidean Norm.
(3) Model selection can be conducted using AIC/BIC, cross-validation.

11.3 Other Multivariate Time Series Odds and Ends

As with the VARMA models, many other similar results and models from scalar time series have counterparts
for multivariate time series.

THEOREM 11.3.1: Vector M-dependent CLT

If { X}z s a strictly stationary M-dependent time series in R? with E[| X,|?] < oo, then

VI(X—p) 26

Random Variable in R%

where G is a Gaussian vector in R? with E[G] = 0 and V(G) = ZﬁiiM I,

Results like this can be extended to suitably weakly dependent processes, e.g.,

X, = Z AW,
£=0

Such results can be used to establish CLT’s for 7,,, the empirical autocovariance matrix:

VI, —T;,) -2 G

T—o0

where G is a mean-zero Gaussian matrix.

Application: Multivariate White Noise/Portmanteau Tests (Hosking, Li and Mcleod,
1980s)

If X,,..., X, is a d-dimensional time series sampled from a strong white noise process, then

H
aAlaA L~ oA D
Py =T trace(L}] Iy 0, I5) —— X*(d*H)
h=1

Approximate p-value of white noise test:

p=P(*(d*H) > Pr y)

11.4 VaR Example

[R Code] VaR Example


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/11.4 - VaR Example.R

Chapter 12

Week 12

12.1 Multiple Time Series Regression and Transfer Function Mod-
els

Problem

Suppose that we observe a bivariate time series (Y}, X;),,~, and we are interested solely in forecasting Y., ,.
X, can be thought of as an exogenous or covariate series that we would like to use to improve the forecast of

Y,.
Wrinkles on this theme include:
* Y, is vector-valued.
* X, is vector-valued.
* Both X, and Y, are vector-valued.
DEFINITION 12.1.1: ARMAX

Y, is said to follow an ARMAX model (ARMA model with eXogenous variables) if there exists a (strong)
white noise {Z, },.5 such that

th = ﬁXt + ¢1Y271 + ¢py;£7p + Zt + Qthl + et qutfq
where X, is the regression on X, (contemporaneous). Using the Backshift operator, we may write this

model as: -
8 (B) ,

B T am

¢(B)Y, =X, +0(B)Z, = Y, =

DEFINITION 12.1.2: Simple linear regression model

Y, is said to follow a simple linear regression model with ARMA errors if there exists a white noise
sequence {Z, },.z so that

YV,=p8X,+V, = Yt:BXt“‘Z((g))Zt
(B
B(BY, =0(B)Z, = V; = qf(B))Zt

where ¢(B),0(B) are p, g-degree polynomials respectively.
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DEFINITION 12.1.3: Transfer function model

Y, is said to follow a transfer function model with X, if there exist finite degree polynomials 3, v, ¢, 6,
and a strong white noise sequence {Z, },.5 such that

_BB)  6(B)
=B Tem

EXAMPLE 12.1.4: Full Transfer Function Models

ARMAX and Simple contemporaneous regression models are special examples of full transfer function
models.

REMARK 12.1.5: Non-Stationarity

If a certain degree of differencing is required to make Y,, X, stationary, then we write the transfer
function model as: 8(B)
22 (1-B)X, + =217
w3 Nt gm Y
* Whend > 1, 5(z) = S, v(z) = ¢(2), this is called an ARIMAX model.
* Whend =0, 8(z) = 6, v(z) = 1, ¢(z) = (1 — 2)9¢*(2), this is called a regression model with
ARIMA errors.

* Seasonality can be incorporated by using seasonal lags in the differencing and transfer function
polynomials.

(1-B)1Y, = )

12.2 Fitting and Forecasting Transfer Function Models

Transfer function models: B(B) 0(B)
L = (B X, + @

* Regression model with ARIMA errors:

Zy

- B(B) = g where fis a constant.

- v(B)=1.

- ¢(B) = (1 - B)*¢*(B).
Two-step estimation:

(1) Estimate 3 using ordinary least squares:

T
arg min Z(Yt - BX,)"
B =1

(2) Calculate residuals: A R
Vi =Y, - BX,
and then fit an ARIMA model to V. This is what most packages do!

For general transfer function models, the parameters can be estimated by positing a likelihood (usually
Gaussian) for the innovations Z,, or “pre-whitening” the input and output series to identify and estimate the
transfer function, and then fitting an ARIMA model to the residuals.

B 00 . k
Y, = féBiXt +N,=> v;Bl=> v,3 where N, is ARIMA
=0 =0
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Suppose there exists 6, and ¢, so that

9.’17<B> _ 7 1 7
6.(B) X, = oy, + white noise (i.e., X, ~ ARIMA)
By then defining
_ 0.(B)
B
6.(B) .
=z N, (still follows ARIMA model)
"B

we get the transfer function equation that

By = V(B)a, + Nf =Y v 8 + Ny
j=0

REMARK 12.2.1

If X, and N, are independent, then «, and W} are independent. Multiply LHS and RHS by «,_,, take
expectation.

JE——

E|B,a;_ . ~ E|B,a;_ .
E[Bi0q_j] = Ujai == V; = [ﬂ(tﬂt 4 ~ Y= [ﬂ;ﬂt d
« «

where E[3,a,_;] is the CCF of o, with 3, at lag j.

We may then estimate an ARIMA model for the noise:
Nt* =0 — V(B)at

¢, (B)
0.(B)

Can be reverse-engineered by applying to estimate the original transfer function model from Yto X

(Box-Jenkins, 1970s).

Forecasting Transfer Function Models
Having estimated the parameters, a forecast for Y., , can be obtained by:

(1) Forecasting covariate series XT+h forj=1,...,h.

(2) Inputting forecast covariate series and forecasted noise series (ARIMA forecast) into the transfer function
model.

REMARK 12.2.2
In many cases, the covariate series X, does not need to be forecast since it is known in advance.
EXAMPLE 12.2.3

* X, is atrend.
* X, is a dummy (indicator) variable coding calendar effects:

X, =

1 day ¢ is a holiday
0 otherwise

12.3 Regression with ARIMA Errors Example

[R Code] Regression with ARIMA Errors Example


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/12.3 - Regression with ARIMA Errors Example.R
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12.4 State Space Models and Kalman Filtering and Smoothing

Suppose Y, € R%, a very good class of models for Y, are state space models or Dynamic Linear Models.
* Observation Equation:
Yi=AX, +T'u, +V,

» State Equation:
Xy =0X,  +&u, + W, (X, €RF)

A, is a known design matrix.

X, is a state variable.

u, are exogenous variables.

V, and W, are noise.
Vvt ~ Nd(oa R)
W, ~N,(0,Q).

State space models originated in Aerospace and Signal processing research:
EXAMPLE 12.4.1
We are interested in the position X, € R® of a spacecraft. We cannot measure the position exactly, but
Wwe can measure:
velocity,
Y, = | azimuth,
altitude,

We assume X, is related to Y, through a state space model: Y, is obtained after linearly transforming
X, and adding noise.
Every model that we have discussed so far has a state space formulation:

EXAMPLE 12.4.2: ARMA(p, q) State Space Formulation
* $(B)Y, = 0(B)W,.
* Letr = max(p,q+1).
* ¢;=0forj>pandd; =0 forj> qwhere 6, = 1.
Then, one can check that

Y,=1[0,_1,0,_5,...,00] X, Observation Equation

Xt77'+1
X, = g eR"
X

0 1 0 0
0 1 0
0 :
X = 5 X, + 0 W1
0 0 0 1 1

which is our State Equation.
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REMARK 12.4.3
ETS, ARIMA, and GARCH models all have state space representations.

Why are state space models nice?
(1) Unifying Framework.
(2) Extra Flexibility/Generality. By specifying design matrices A, and exogenous variables w,, we can handle:
(a) Missing data.
(b) Full transfer function models.

Big Problem with State-Space Representation: Having observed Y;, what can we say about X,?

Kalman Filter (Rudolf Kalman, 1960s)

* A method for estimating X, based in {Y, : s < ¢t} which is an online estimation of X,.

Kalman Smoothing

* A method to estimate X, based on {Y : 1 < s < T} which is a retrospective estimation of X,.

REMARK 12.4.4

If (Y;, X,) follow the state space model with Gaussian innovations, they are jointly Gaussian. Therefore,

the best guess of
(X 1Y) s = E[X, | Y, : 5 <]

This would be the best in mean-square sense even if (X,,Y,) are not jointly Gaussian.

State Space Model:
YV, = AX +Tuy+V, (V,~Ny(0,R))

X, =X,y +&u, + W, (W, ~N(0,Q))
Initial conditions: X, and P, (initial variance of X).

Let X; =E[X, |Y, : k < s]and Pf = E[(X, — X})(X, — X;)"] where Py is the covariance matrix of forecast
error of X, based on X?.

Kalman Filter

X=X + Eu,

Ptt—l — @Ptt:llds"r + Q

Xy =X+ Ky, — AXH = T'uy)
Pl =[I-K,A—t|pP!
where K, = PFYA] [A,PFYA] + R]*1 is the Kalman Gain which defines how much we alter X} based on
observing the deviation Y, from A, X}~ ! + I'u,.
REMARK 12.4.5

(1) (X}, P = f(Xi=}, PI7!) where fis linear. The term (X!~{, P}!) says we only have to store and
do the linear algebra with X{~1, P/~ and Y, to update state prediction. Can be done in real time.
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(2) Formulas look complicated, but they are quite simple! Just came from calculating

(XtYs)sgt

Jointly Gaussian

Kalman Smoother

Infer X, based on {Y; : 1 < s < T'} with initial conditions X, and P, fort =T,T — 1, ..., (we start from the
end of the series).

X=X+ (X X
Py =P +J (P - P,
Jiy =P+ o7 [Pf’llfl
REMARK 12.4.6
Estimating of model parameters of state space model can be obtained using MLE.
g, =y, — AXI—Tu, ~ N(0,R)

where X}! is our best guess of X, based on {y, : s <t — 1} implicitly a function of parameters.

which is maximizing as a function of @ = (R, Q,&, ", ).
* Very difficult optimization problem (Newton-Raphson, EM, MCMC)

Application to Missing Data

Suppose we observe a time series Y, with missing values, we would like to infer the time series

¥ Y, Y, known
* 1Yy unknown values of Y, when missing

Y, =AX,
X, ~ ARIMA (or other) specification thought to model Y, well.

A — 1 Y, is observed
10 ', is missing

Infer X, using Kalman Smoothing.

12.5 Kalman Smoothing Time Series Imputation Example

[R Code] Kalman Smoothing Time Series Imputation Example


https://github.com/Hextical/university-notes/blob/master/year-3/semester-2/STAT 443/code/12.5 - Kalman Smoothing Time Series Imputation Example.R

	Contents
	Week 1
	What is a time series?
	Basic Principles of Forecasting
	Definitions of Stationary
	White Noise and Stationary Examples
	Weak versus Strong Stationary
	† Theoretical L2 Framework for Time Series
	Signal and Noise Models
	Time Series Differencing

	Week 2
	Autocorrelation and Empirical Autocorrelation
	Modes of Convergence of Random Variables
	† M-dependent CLT
	† 2 + 𝛿 Moment Calculation
	† Linear Process CLT
	Asymptotic Properties of Empirical ACF
	Interpreting the Autocorrelation Function (Non-stationary)

	Week 3
	Moving Average Processes
	Autoregressive Processes
	ARMA Processes
	ARMA Process Examples and ACF

	Week 4
	Stationary Process Forecasting
	Best Linear Prediction
	Partial ACF
	ARMA Forecasting
	ARMA Forecasting Example 1: Cardiovascular Mortality
	ARMA Forecasting Example 2: Johnson and Johnson

	Week 5
	ARMA Parameter Estimation: AR Case
	ARMA Parameter Estimation: MLE
	Model Selection Diagnostic Tests
	Model Selection Information Criteria
	ARIMA Models
	ARIMA Modelling Example

	Week 6
	SARIMA Models
	SARIMA Cardiovascular Mortality Example
	Time Series Cross-Validation
	Cross-Validation Example
	Simulated and Bootstrapped Prediction Intervals
	Bootstrap Prediction Intervals Example

	Week 7
	Exponential Smoothing Models Introduction
	Exponential Smoothing as a State Space Model
	Multiplicative Exponential Smoothing Models
	Exponential Smoothing Model Selection
	J and J Exponential Smoothing Forecast

	Week 8
	Neural Network Autoregression
	Comparing Various Forecasting Methods
	Conditional Heteroscedasticity
	ARCH and GARCH Models
	Stationarity of GARCH Models
	† Stationarity of General GARCH(𝑝, 𝑞)
	Identifying GARCH Models

	Week 9
	Tests for GARCH Models
	GARCH Parameter Estimation
	GARCH Residuals and Forecasting the Conditional Variance

	Week 10
	Choosing the Orders of a GARCH Model
	Value at Risk Forecasting
	Backtesting and VaR Forecasts
	Asymptotics of Partial Sums of Stationary Random Variables
	KPSS Test
	Diebold-Mariano Test

	Week 11
	Multivariate Time Series Introduction
	Vector Autoregressive and Vector ARMA Models
	Other Multivariate Time Series Odds and Ends
	VaR Example

	Week 12
	Multiple Time Series Regression and Transfer Function Models
	Fitting and Forecasting Transfer Function Models
	Regression with ARIMA Errors Example
	State Space Models and Kalman Filtering and Smoothing
	Kalman Smoothing Time Series Imputation Example


